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ON EXPONENTIAL DECAY OF SOLITARY TRAVELING
WAVE SOLUTIONS TO THE FERMI-PASTA-ULAM-TYPE
SYSTEMS ON 2D LATTICE
Serhii M. Bak !, Halyna M. Kovtoniuk ?

1.2 Vinnytsia Mykhailo Kotsiubynskyi State Pedagogical University
Vinnytsia, Ukraine
e-mail: !sergiy.bak@gmail.com, ? galyna.kovtonyuk@gmail.com

We consider the Fermi-Pasta-Ulam-type systems that describe the
dynamics of an infinite systems of nonlinearly coupled identical parti-
cles on a two dimensional lattice:

C.jn,m = W{(QnJrl,m - Qn,m) - W{ (Qn,m - anl,m)‘k

+W2,(Qn,m+1 - Qn,m) - Wé(Qn,m - Qn,m—1)7 (n7 m) S Z27 (1)
where g¢nm = gn,m(t) is a coordinate of the (n,m)-th particle at
time t, W7 and W5 are the potentials of interaction.

A traveling wave solution of Eq. (1) is a function of the form

dn,m(t) = u(ncosp + msinyp — ct). (2)

We consider solitary traveling wave solutions, whose profile wu(s)
satisfies the following condition:
li = u(+o0) = 0.
S_ilinoou(s) u(£o0) =0 (3)
By the Paley-Wiener Theorem, the exponential estimate for the
profiles of such solutions is obtained.

1. Bak S.M., Kovtonyuk G.M. Ezistence of traveling waves in
Fermi—Pasta—Ulam type systems on 2D—lattice. J. Math. Sci.,
2021, 252 (4), 453-462.

2. Bak S.M., Kovtoniuk H.M. FEzponential decay of solitary
traveling wave solutions to the Fermi-Pasta-Ulam-type sys-
tems on 2D lattice. Ukr. Math. Bull. 2025.
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AVERAGING IN MULTI-FREQUENCY SYSTEMS
WITH ARGUMENT DELAY AND A HIERARCHY
OF AMPLITUDE AND PHASE VARIABLES
Yaroslav Y. Bihun!, Thor D. Skutar?,
Andriy V. Drobot ?
1.2.3 Yuriy Fedkovych Chernivtsi National University
Chernivtsi, Ukraine
e-mail: !y.bihun@chnu.edu.ua, ?i.skutar@chnu.edu.ua
A system of differential equations with delay with a« € D C R"
amplitude and ¢ € T™ phase variables of the form
day, dpy
dt dt
is investigated by means of the averaging method. Here the small
parameter € € (0,e0], T=¢et >0, 0 <k < -+ < Ry,
ap(T) = (a()\lT),...,a()\pT)> ,0< A << A <1

= SRVXV(T7 ap, 906)7 = WV(T) + EKVYZ/(Ta ap, 90@) (1)

po(r) = (P(O17), ., p(0,7)), 0 <Oy <o <O, <1,

The system of equations (1) is a generalization of multi-frequency
systems that were studied in [1], when k1 = kg2 = 1. The averaging
method for systems of the form (1) with the asymptote et for
amplitude variables and "2 — phase variables is justified in [2].

For components with number v, v = 1,n, and a sufficiently small
g9 > 0, an estimation of the averaging method of order &/™ on
time intervals [0,e7"] respectively is obtained in this work.

1. Bihun Ya., Skutar I. Averaging in multifrequency systems wi-
th multi-point conditions and a delay. Acta et Commentati-
ones. Exact and Natural Sciences. 2023; 2 (16): 13-24.

2. Bihun Ya., Petryshyn R., Skutar I. Averaging in a generalized
multifrequency system with a delay. Analytical and Appro-
ximate Methods for Complex Dynamical Systems. Springer
Nature Switzerland AG, 2025.
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ASYMPTOTIC PROPERTIES OF SOLUTIONS
WITH SLOWLY VARYING DERIVATIVES
TO ONE CLASS OF NONLINEAR SECOND ORDER
DIFFERENTIAL EQUATIONS

Maria O. Bilozerova

1.1. Mechnikov National University of Odesa

Odesa, Ukraine

e-mail: marbel@Qukr.net

Differential equation

y" = aop(t) exp(R(y,y")), (1)
where ag € {~1;1}, p: [a,w[=]0, +00[ (=00 < a < w < +50),
the function R : Ay, x Ay, —]0,+o00] is continuously differenti-
able, Y; € {0,+00}, Ay, is either [yY,Y;[' or ]Vi, 3] is considered.
Moreover, the function R satisfy the condition

o , .
i YE (i)

im R(yo,y1) = +o0 =, ©t=0,1.
(y0,y1)—(Y0,Y1) (y i ) ’ Yi Y R(yl) B 7
(yo.y1)EAYy XAy vi€ly;

Here the function R is in some sense near to regularly varying
functions, that are useful for investigations of equations of such a
type. Some classes of regularly varying solutions to the equation (1)
were established in [1]. For one class of regularly varying solutions
with slowly varying derivatives necessary and sufficient conditions
of existence and asymptotic representations for such solutions and
their first order derivatives were found.

1. Bilozerova M.O. Asymptotic behavior of solutions to second
order with nonlinearities, that are compositions of exponen-
tial and reqularly varying functions. Bukovinian Math. J.
2023; 11 (2): 33-40.

1As ¥ = 400 (Vi = —o0 ) assume 3? >0 (39 <0).
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INVERSE INITIAL PROBLEM FOR A TIME-FRACTIONAL
DIFFUSION-WAVE EQUATION
Petro I. Boyko ', Andriy O. Lopushansky ?,
Halyna P. Lopushanska?, Petro Ya. Pukach*
L4 Lviv Polytechnic National University, Lviv, Ukraine,
2 Rzeszéw University, Rzeszéw, Poland,
3 Ivan Franko National University of Lviv,
Lviv, Ukraine
e-mail: ! boyko.petro@gmail.com, 2 alopushanskyj@gmail.com,
3 lhp@ukr.net, 4 Petro.Y.Pukach@lpnu.ua
Let S(R™) be a space of infinitely differentiable functions v in
R"™ such that z7D%v are bounded in R"™ for all multi-indexes «,
v (the Schwartz space of smooth rapidly decreasing functions),

1
Sy @) (R") = {v e S(R") : [D*(x)| < Cae(v)e @™

r e R”, Va, Ve > 0} = {v € C®(R") : |[v]|p,@) =

1
= sup ea(=p)lel |DY(z)| < 400V k €N, k # 1}.
|a| <k,zeR™
Let @ =R"x (0,T]. We say that v € S, 4)(Q) if ve C(Q) and
v(-,t) €8, ()(R") for all ¢t €[0,T].
For 8 € (1,2) we study the inverse problem

CDtBu — Au = Fy(x,t), (z,t) € Q,

0
u(z,0) = Fi(x), &u(:v,()) = Fy(z), ze€R",

T T
;,/0 u(z, t)n (t)dt = &1 (x), ;,/0 u(z, t)na(t)dt = Po(z), v € R™

of determining the triple (u, F1,F2) € S, q)(Q) X Sy ) (R") x
S, (a)(R™) where @1, ®2, Fy, m1, 12 are the given functions, CDtBu
is the Caputo fractional derivative of order § of the function w.

We find sufficient conditions for the unique solvability of the
problem.
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INITIAL INVERSE PROBLEM FOR A TIME-FRACTIONAL
DIFFUSION EQUATION
Petro I. Boyko ', Yaroslav R. Hedza?
Halyna P. Lopushanska?
! Lviv Polytechnic National University, Lviv, Ukraine
23 Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: ! boyko.petro@gmail.com, ? yarik77777771Qgmail.com,
3 Thp@Qukr.net

For 8 € (0,1) we study the inverse problem
°DPu— Au = Fy(a,t), (z,t) € Q :=R"x (0,7,
u(z,0) = Fi(x), z=e€R",

/ (x,t)n(t) dt = ®(z), z€R",
of determining the pair (u, F1) € S, ()(Q) X S, (4)(R™), where &,

Fy, n are the given functions, thﬂ u is the Caputo fractional deri-
vative of order (3 of the function w, S(R"™) is the Schwartz space
of smooth rapidly decreasing functions at infinity,
1
Sy (@(R") = {v € SR™) : [D(x)| < Coe(v)e @I,
reR", Va, Ve> 0} ={veC®R"):||v|[i@ =
1
= sup edl-glal? |DY(z)| < 400V k €N, k # 1},
|a|<k,zeR™ ~ ~

and we say that v € 5, ,)(Q) if v € C(Q) and v(-,t) € S, (4)(R")
for all ¢t € [0,7].

3 25
Theorem 1. Let v> 1, 0<aTﬂ§C<(2—5)<¥)2 7

Fy € S%(a)(Q), P e 8, R, n € C1[0,7T], is a monotone
increasing positive function and 7(0) # 0. Then there exists Ty > 0
and for each T € (0,Tp] the unique solution u € S, (4)(Q) of the
initial inverse problem.
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DATA-DRIVEN REGULARIZATION TECHNIQUES FOR
STOCHASTIC REDUCED-ORDER INVERSE PROBLEMS
Dmytro Bobyliev
State Pedagogical University of Kryvyi Rih
Kryvyi Rih, Ukraine
e-mail: dmytrobobyliev@gmail.com

This research enhances reduced-order modeling to improve the
robustness of solving inverse problems governed by stochastic partial
differential equations, addressing challenges from ill-posedness and
measurement noise despite efficient surrogate modeling.

We consider forward models of the form:

L(u(z,t;9)) = f(x,t;4), z€Q, tel0,T],

where L is a spatial-temporal differential operator, u is the system
state, and ¢ € R? is a vector of uncertain and/or unknown para-
meters. For inverse reconstruction, we introduce a regularized cost
functional:
J(@) = %HRmeS - Rsim(¢)||2 + aR(9),

where Rpyes is the measured response, Rgim is the predicted response
from the surrogate model, o > 0 is a regularization weight, and
R(¢) is a regularization term. We investigate both classical Ti-
khonov regularization R(¢) = || — ¢yl|?, and sparsity-inducing
penalties such as R(¢) = ||@||1 -

To improve the reduced-order model (ROM) construction, we
propose a regularized snapshot selection strategy that penalizes
redundancy and favors diversity in the parameter space. The POD
basis functions {p;(x)} are constructed from a snapshot matrix
S € R™™ and regularization is introduced during singular value
truncation to control overfitting. Preliminary results on synthetic
elasticity problems show that regularized ROMs reduce noise sensi-
tivity and improve parameter recovery, while preserving computati-
onal efficiency and enhancing stability.
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EVOLUTIONARY VARIATIONAL INEQUALITIES WITH
VARIABLE TIME-DELAY IN TIME UNBOUNDED DOMAINS
Mykola M. Bokalo!, Olga V. Ilnytska >
1.2 Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: ' mm.bokalo@gmail.com, 2 ol.ilnytska@gmail.com

Let T be a real number, V be a reflexive and separable Banach
space, and H be a separable Hilbert spaces. Suppose that V C H
with dense, continuous and compact injection. Let V' be the dual
spaces to V.

Let @ : V — (—o00,400] be a proper convex lower semicontinuous
functional, and let 7 : (—o00,7] — R be a bounded function such
that 7 € C((—o0,T)), 7(t) > 0 for all ¢t € (—o0,T], and let ¢ :
II, x H— H, where Il; := {(t,s) |t <T, t —7(t) < s <t}, bea
function, which satisfies the condition: there exists a constant L > 0
such that inequality |c(t,s,v1) — c(t, s,v2)| < L|vy — va| for a.e.
(t,s) € II; and for all v1,vy € H holds; in addition, c(t,s,0) =0
for a.e. (t,s) ell,.

We consider the problem of finding a solution u of evolutionary

variational inequality
t

u'(t) + 0 (u(t)) +/ c(t,s,u(s)) ds > f(t), te (—o0,T],

t—7(t)
such that

/ lu(t)|? dt < +oco, thatis uwe L*(S;H),
S

where f:(—o00,T] — V' is a given measurable function,
0% : V — 2V is the subdifferential of functional @
and u : (—oo0,T] — V is an unknown function.

Under additional conditions for the data-in of the problem under
study, the existence of a unique solution, as well as an estimate of
this solution, was obtained.
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METHOD OF FUNDAMENTAL SOLUTIONS FOR THE HEAT
PROPAGATION FROM LATERAL CAUCHY DATA
Thor Borachok !, Roman Chapko ?
1,2 Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: ! ihor.borachok@Inu.edu.ua,

2 roman.chapko@Inu.edu.ua

Let D be a double-connected domain in R?, d = 2,3, with

boundaries I'y (inner) and I's (outer). We consider the ill-posed
initial boundary value problem for the heat equation

?Z:Au in D x [0,T7,

u:f27 @292 on FZX[OvT]) (1)
ov

u(-,0) = 0 in D,

where fo,g0 are given smooth functions, v is the outward unit
normal to the I's and T > 0 is the final time. Using either the
Laguerre transform or Rothe’s method, the problem (1) is reduced
to a sequence of Cauchy problems for the modified Helmholtz equa-
tion. According [1], the elements of the sequence are approximated
as follows

n M
up(x) = Z Zam,jq)n_m(ac,yj), xeD, n=0,....,N, (2
m=0 j=1
where N,M € IN, {®,} is the known fundamental sequence, y; ¢
D are selected source points and coefficients oy, ; are determined
by the collocation method. Tikhonov regularization with the L-curve
technique is applied to the final linear systems.

1. Borachok I., Chapko R., Johansson B.T. A method of funda-
mental solutions for heat and wave propagation from lateral
Cauchy data. Numer. Algor. 2022; 89: 431-449.
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HAPUCH 3 ICTOPII JUOEPEHIIAJILHIX PIBHAHDb
TA MATEMATYHOI CTATUCTUKIU
Y JIbBIBCBbKOMY VHIBEPCUTETI
Oger M. Byrpiii !, SIpocaas 1. €neiiko 2
1.2 JTesiBcpknii namionamsuuil yaisepcurer iveni Ipana ®panka
JIbBIiB, YKpaina
e-mail: ! oleh.buhrii@lnu.edu.ua, 2 yaroslav.yeleyko@Inu.edu.ua
PosriisineMo OCHOBHI eTamu CTaHOBJIEHHS Ta PO3BUTKY TEOpil Tu-
depeHIiaIbHIX PIBHIHDb 1 MATEMATHYIHOI CTATUCTUKNA Ha MeEXaHIKO-
MareMaTuIHOMY (hakKyabTeri JIbBIBCHKOIO HAIIOHAIBHOTO YHIBEPCH-
tery iMeni IBana @panka. 3rajlaeMo PO MepCoHAJIIl, 3aB/ISIKN STKIM
el mpouec TpuBaB.
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ASYMPTOTIC PROPERTIES OF SOLUTIONS
TO ONE CLASS OF NONLINEAR SECOND ORDER
DIFFERENTIAL EQUATIONS
Alla V. Vorobiova
LI. Mechnikov National University of Odesa
Odesa, Ukraine
e-mail: alla.vorobyova@stud.onu.edu.ua

Differential equation

y" = aop(t)f(t,y,9), (1)
where ap € {—1;1}, p: [a,w[—]0,+o0] (-0 < a<w < +00) is a
continuous function, f : [a,w[xAy, X Ay; —]0, +00[ is continuously
differentiable, Y; € {0,400}, Ay, is either [y?, V;[' or ]Y;, 9] is
concidered. We also suppose the function f satisfy the conditions
o Tt 9L (t,v9,v1)
o f(t,v0,01)

=~ uniformly by v € Ay,, v1 € Ay,, (2)

of
Vi * 3o7 t; Vo, U1
lim o ) = o} uniformly by t € [a,w[, (3)
w=Ye  f(t,v0,v1)
ykEAYk

where v; € Ay, , j #k, k€ {0,1}.

By conditions (2), (3) the function f is in some sense close to
regularly varying function by every variable. Partial cases of (1)
were considered for example in [1|. For one class of regularly va-
rying solutions to the equation (1) asymptotic representations and
conditions of existence were found.

1. Bilozerova M., Herzhanovs’ka H.A. Asymptotic Behavior of
the Solutions of FEssentially Nonlinear Nonautonomous Se-
cond-Order Differential FEquations Close to Linear Func-
tions. J. Math. Sci. 2023; 274 (1): 1-12.

1As ¥ = 400 (Vi = —o0 ) assume 3? >0 (39 <0).
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LAX TYPE FLOWS IN THE DUAL SPACE

TO THE CENTRALLY EXTENDED LIE ALGEBRA OF

MATRIX SUPER-INTEGRO-DIFFERENTIAL OPERATORS
AND THEIR RATIONAL FACTORIZATION
Oksana Ye. Hentosh
Pidstryhach Institute for Applied Problems of Mechanics
and Mathematics, NAS of Ukraine, Lviv, Ukraine
e-mail: ohen@ukr.net

The Lie algebra of matrix super-integro-differential operators with
respect to one anticommuting variable has been introduced by the
author to construct Lax integrable hierarchies of nonlinear dynami-
cal systems on supermatrix-valued supermanifolds of one commuting
and one anticommuting independent variables as well as the systems
on supermatrix-valued supermanifolds of two commuting and one
anticommuting ones, possessing triple Lax type linearizations, for
certain type its coadjoint orbits.

In the report, which is proposed, one considers the central exten-
sion of the mentioned above operator Lie algebra and develops a new
Lie-algebraic method for constructing Lax integrable hierarchies on
supermatrix-valued supermanifolds of two commuting and one anti-
commuting independent variables by use of the hierarchy of Hami-
Itonian flows in its dual space, generated by the corresponding R -
deformed Lie-Poisson bracket and Casimir invariants. The problem
of the rational factorization [1] for this Hamiltonian hierarchy is also
studied in order to obtain new integrable hierarchies of nonlinear
dynamical systems on such type supermanifolds.

1. Hentosh O., Prykarpatski A. Rational factorization of Hamil-
tonian flows in the space dual to the Lie algebra of fractio-

nal integrodifferential operators and integrable Benney-type
hydrodynamic systems. J. Math. Sci. 2024; 279 (3): 308-329.
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SAJIAYI 3 “AHOMAJIbHUMN” XAPAKTEPUCTUKAMUI
JIJI4 1D THIEPBOJITYHNX CUCTEM
Ounekcanap I'natiok ', Bonogumup Kupuma ?,
Oubra ITemomkesuy
1,2.3 JIppiBchkmil Hamionaasumii yaisepcuter iveni Ipana ®@panka
JIbBIiB, YKpaina
e-mail: ! gnatyksasha@gmail.com, 2 vkyrylych@ukr.net,
3 olpelushkevych@gmail.com

Bimomo, 1mo cucrema piBHSIHB
ou
ot

e u = (ul,...,un)T, g = (gl,...,gn)T, A, K — xsajiparhi
marpuri nopsiiky n (A — HEBHpOJZKEHa), Ha3MBAETHCS Tinepbo-

Az, t,u)— + K(z,t, u)gu = g(z,t,u),
T

JIIYHOIO, {IKITO BCl BJIACHI 3HAYEHHS MaTPHIlL A~1K giiicui i BoHa
3BOJIUTHCS JI0 JIArOHAJILHOIO BUJLY.

JlocTaTHBOIO YMOBOIO JIiaroHaJizalil MaTpUIll € HeCHiBIa[iHHA
BCiX 1T BjacHuX 3HaueHb A1(x,t,u),..., A\p(x,t,u), Kl BUSHAYAIOTH
XapaKTEePUCTUKKU CHUCTEMU. 3a3BUYail came Ieil BUIIAJ0K Halb1Ib-
mre 3ycrpigaerbesd. OaHak, 6araTo MaTeMaTHIHHX MOMIeseil mpupo-
JO3HABCTBA T4 TEXHIKW MPUBOJATEH 0 “‘aHOMAJILHUX , T.T. HECTAH-
JapTHUX BHUIIQIKIB XapaKTEPUCTUK TiIepOOIIiTHUX 3a7ad, 30KpeMa,
KPaTHUX Ta OPTOIOHAJIBHUX JI0 oceil koopauHat [1].

Y monoBini Oyne mpejcTaBieHO 3ajadi Jijig rinepOoiIHuX piB-
HSHb 3 BKa3aHUMHU XapaKTEPUCTUKAMU, BiJI3HAYEHO TXHIN BILIUB Ha
KOPEKTHY PO3B’SI3HICTHh BIANMOBIIHMX 3aad, 1OOYIOBY IVIODAJIBHUX
PO3B’s3KiB Ta IXHE 3aCTOCYBaHHSA. PO3T/IsIIacThCA TAKOXK BUIIAIOK
3JIITYEHHUX CHUCTEM.

1. Goliforushani S., Xie M., Balakrishman N. On the Mean
Residual Life of a Generalized k -out-of-n System. Common
in Statistics. Theory and Meth. 2018; 47 (10): 2362-2372.
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QUANTUM GRAPHS AND EXACTLY SOLVABLE MODELS
FOR COULOMB-TYPE POTENTIALS
Yuriy Golovaty
Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: yuriy.golovaty@Inu.edu.com

We construct exactly solvable models for some non-relativistic
quantum processes in branched structures. The main object of the
study is Schrodinger operators on non-compact star graphs with
the Coulomb-type potentials having singularities at vertices. The
convergence of regularized Hamiltonians H, with cut-off Coulomb
potentials coupled with (ad + 3¢’)-like ones is studied. The 1D
Coulomb potentials and the ¢’ -potentials are very sensitive to their
regularization method. Our analysis of the Coulomb Hamiltonian
can be seen as a continuation of our previous works, where we have
found conditions of the norm resolvent convergence of H. on the li-
ne and have constructed the solvable models for the one-dimensional
hydrogen atom. The conditions of the norm resolvent convergence of
H. on star graphs depending on the regularization are established.
The limit Hamiltonians give a mathematically precise meaning to the
Schrédinger operators with the Coulomb-type potentials, ensuring
the physically motivated choice of vertex conditions. We also descri-
be all self-adjoint realizations of the formal Coulomb Hamiltonians
on the star graph.

1. Golovaty Y. Quantum graphs: Coulomb-type potentials and
ezactly solvable models. Ann. Henri Poincaré. 2023; 24: 2557-
2585. https://doi.org/10.1007/s00023-023-01270-9
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ACUMIITOTUYHI BJTACTUBOCTI OJHOTI'O KJIACY
PO3B’A3KIB JIBOYJIEHHOI'O HEABTOHOMHOT'O
JUNOEPEHIIAJIBHOT'O PIBHAHHA YETBEPTOI'O
IMOPSAJIKY 31 HIBUAKO3MIHHOK HEJITHIMHICTIO
B OCOBJINBOMY BUITAJIKY
Cepriit I'ostybeB
Onecekuit HarioHa pHAH yHIBepcuTer imeri 1.I. MeunukoBa
Ouseca, Ykpaina
e-mail: !sergii.golubev@stud.onu.edu.ua

Posriisinaersea nudepenmiaibie piBHAHHST

y W = agpo(t)p(y), (1)

e ag € {—=1,1}, po : [a,w[—]0,+00[ — HemepepBHa ]yHKI,
—00 < a < w < 400, ¢ Ay, —]0,+00[ — aBivi HemepepeHO
nudepentiiioaa dyukiisa, Yy gopisaioe abo 0, abo oo, Ay, —
onHOGIuHMiA okin Yy . Poss’si30k y mudepentianbhoro pisusiaHs (1)
nasuBaetbest P, (Yp, A\g) -po3s’sizroM, qe —o0 < Ag < 400, SAKIIO
BiH BU3HAUEHWH HA TPOMIKKY [to,w[C [a,w] 1 3am0BoIBHSIE yMOBAM
ki BusHaderi B [1]. MeToro mpalli € BUB4eHHs IUTAHHS PO iCHyBa-
HHs Ta acuMmirorndny noBeiuky B, (Yp, Ao)-po3s’s3kiB B ocobiu-
BOMY BHUIIQJKY, Koau Ag = 1. [Tosnavenns Jijisi HACTYIIHOI T€OPEMU
HaBeJeHo B [1].

Teopema 1. [dns icuysauus P, (Yp,1)-po3s’saskis pisasiauas (1)
HEeOOXIJIHO BUKOHAHHSI HACTYNHUX yMOB 1qjigJo(t) < O mpu ¢ €
la,w[, apr1 < 0 axmo Yy = 0, apry > 0 gkupo Yy = +oo, i
yMmoB 1ipu t T w

aods(t) i) J5(t)  J3(t)  (@TH(ndo(t))
(I)_l(l/ljo(t)) Jl(t) Jg(t) J3(t) (I)_l(l/ljo(t)) ’
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. . . Tw -1 1% 4
Ta %IH (t) = Foo, 1 ltlTrgJo(t) = Zo, ngrg (QE?(W(JOI({()))(;))) =

. t)J4 (¢t .
+o0, lim %(tg() = +00 . Kpim Toro, 111 KoXKHOTO TaKOro poaB’S{S—
tTw

il

Ky npu t 1w BuKomyeTbes Take: y(t) = &7 (v Jo(t))[1 +
y'(t) = aoJs(H)[1 +o(1)], ¥'(t) = a0J2( )L+ o(1)],
y"(t) = agJi(t)[1 4 o(1)] .

1. €sryxos B.M., losty6er C.B. IIpo acumnmomuxy po3s’asxie
001020 KAQCY ICTMOMHO HEATHITHUT HEABTMOHOMHUL Jupeper-
wiaavhux pienans. Hemin. konusanus. 2024; 27 (3): 322-345.

2. Yepnaukosa A.I'. Acumuroruvni 300parKeHHsT PO3B’sI3KiB JU-
depeHIiaIbHIX PIBHIHD 3 IIBUAKO 3MIHHIMN HEJIiHIHOCTSI-
mu. Jwuc. ... kaug. ¢diz.-mar. mHayk. Ogeca, 2019.
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GRADIENT OSCILLATOR MODEL
FOR FRUSTRATED SPIN SYSTEM
Anastasiia Hrabovets !, Oleksandr Burylko 2
L2 Institute of Mathematics of NAS of Ukraine
Kyiv, Ukraine
2 Institut fiir Mathematik of Humboldt-Universitit zu Berlin
Berlin, Germany

e-mails: ! a.hrabovets@imath.kiev.ua, 2 burylko@yahoo.co.uk

We propose a gradient oscillator model to study the collective
behavior of frustrated spin networks [1, 2|. The system is defined on
a ring with attractive and repulsive couplings between nearest and
next-nearest neighbors. Starting from a complex spin network, we
reduce the model to a gradient-type Kuramoto system in terms of
the angular coordinates with a circulant interaction matrix.

We study identical oscillators, identifying invariant manifolds and
analyzing the stability of equilibria. For any number of oscillators,
synchronization, splay states, and w -states are observed, along with
more complex regimes. Degenerate bifurcations, induced by system
symmetries, are identified, and perturbations of the natural frequen-
cies result in symmetry-breaking bifurcations.

Future work includes interpreting the results in terms of energy
optimization and extending the model to two-dimensional spin net-
works [1].

1. Ginster J., Zwicknagl B. Energy scaling law for a singularly
perturbed four-gradient problem in helimagnetism. J. Nonli-
near Sci. 2023; 33 (20).

2. Ginster J., Koser M., Zwicknagl B. Microstructures in a two-
dimensional frustrated spin system: Scaling regimes and a
discrete-to-continuum limit. 2024. arXiv:2406.08339.
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ACUMIITOTUKA CITEKTPA 3AJTAYI IITYPMA-JITYBIJIJIA
HA 3IPKOBOMY TI'PA®I 3 CUHI'YJIAPHUMU
SBYPEHHAMU ITOTEHIITAJIA TA TYCTUHU

Tennaniit €. I'pabuak
JIpBIBCHKMIT HaIliOHAJIBHII yHIBEpCHTET iMeHI Ipana Ppanka
JIbBIiB, YKpaina
e-mail: hennadii.hrabchak@Inu.edu.ua
Hexait G — ckinuennwuii 3sipkoBuii Merpudnuii rpad 3 n pedpamu

i coisbHOIO BepmmHOI @ — nentpoM 3ipku; 0G = {aj,...,an} —

MHOXKWHA KIHIIEBUX TOYOK IpoMeHiB 3ipku. I'pad G € npupojHo

BKIajeHnM B R? 3 imjykosanoio 3 R? merpuxoro. PosrisHemo Ha

G cunrynapuo 30ypeny 3amaqdy [rypma-Jliysimis

_yg + Weye = )\Epsye Ha G, Y. =0 Ha aG,

n
Ye — HENEPEpBHA B @ , Z y"gvi(a) =0 (ymosa Kipxroda).
i=1

Tyt A° — chnekTpanbHmil HapaMeTp; Ye; — 3BYy’KeHHs Y. Ha %-Te
pebpo rpada. Ilorentmian W, mae HOCiit B €-0OKOJIi BEPIIUHU a , B
axkomy We(z) = e U (e (z—a))+e 2V (e~ (x—a)), To6TO € pery-
ngpuzanieo Tany ad+ B8 . OyHkIig p. € § -NMoMOHIM 30y PEeHHAM B
TOMY ¥ OKOJIi fnojaTHol dbynkiii p #Ha G pe(v) = e tq(e H(z —a))
mobym3y a. B mexamiuuiii inTepuperariiil 3a1a4i gK 3a1atdi Ipo Bja-
CHI KOJIMBAHHSI HATATHYTOl B'SI3KU CTPYH p. Ma€ CEHC JIHINHOI Ty-
CTHUHH.

Mu BHBUYaEMO acHMITOTHYHI BiacTuBocTi mpu & — 0 crmekTpa
cdopmysiboBaHol 3aja4i. 3acTocyBaBiy 3anpononosani B [1] miz-
X0/, 3’sicoByeMO TpaHuuHy npu € — 0 3amady, JOCTiRKyeMo 11
CIIEKTPAJIbHI BJIACTUBOCTI 1 JOBOAMMO 301>KHICTH CHEKTPa BUXiIHOI
3aJ1a4i JI0 CIIEKTpa TPAHUIHOI.

1. Golovaty Yu. Quantum Graphs: Coulomb-Type Potentials
and Ezxactly Solvable Models. Henri Poincare. 2023; 202324:
2557-2585. https://doi.org/10.1007/s00023-023-01270-9
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INVERSE FREE BOUNDARY PROBLEM
FOR DEGENERATE PARABOLIC EQUATION
Nadiia M. Huzyk
Hetman Petro Sahaidachnyi National Army Academy
Lviv, Ukraine
e-mail: hryntsiv@ukr.net

In a free boundary domain Qp = {(x,t) : 0 < x < h(t),
0 <t < T}, where h = h(t) is an unknown function, it is consi-
dered an inverse problem for simultaneous determination of the time
dependent coefficients b; = bi(t), by = ba(t) in one-dimensional
degenerate parabolic equation

up = tPa(t)uge + (by(t)x + bo(t))ug + c(z, t)u + f(z,t) (1)

with initial condition

u(xv 0) = (P(x)’ S [0’ h(O)], (2)
boundary conditions
U(Oat) = Nl(t)a u(h(t)7t) = MQ(t)a le [0>T]a (3)

and integral overdetermination conditions
h(t)
/x%@iymzugm i=0,2, te][0,T). (4)
0

It is known, that a = a(t) is a strongly positive continuous functi-
on and degeneration of the equation (1) is caused by power function
t8 . It is studied the case of weak degeneration while 0 < 8 < 1.
Using the apparatus of Green’s functions for the heat equation and
Schauder Fixed Point Theorem the existence of the local solution
to the named problem is established. The proof of the uniqueness
of the local solution to this problem is based on the properties of
the solutions to the homogeneous integral equations with integrable
kernels.
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ACUMIITOTUKA PO3B’A3KIB JIBOY/IEHUX
JINOEPEHUIAJIBHUX PIBHAHD,
ACUMIITOTUYHO BJIM3bKUX A0 JIHIMHNIX
B’auyecaaB M. €BTyxoB
Ounecopkuii Harionaabuuil yaisepcurer imeni I.I. Meunukosa,
Ouxeca, Ykpaina
e-mail: evtukhov@onu.edu.ua

Posrnsinaerbea nudepentiiaibie piBHAHHS

y™ = agp(t)yL(y), (1)

e oo € {—1,1}, p : [a,w[—]0,+00] — HemepepBHa QyHKI,
—00 < a <w < 400, L: Ay, —]0,+00[ — HenepepsHa i 1HO-
BiIbHO 3MiHHA TIpu Yy — Yy yHKIL, Y[ I0piBHIOE abo HYyJI0, abo
+o00, Ay, — onHobiuyHnMit okin Yy .

IMpu L(y) = 1 piBusians (1) e siniiinum audepenniaabHuM pis-
HSTHHSAM
y™ = agp(t)y, (2)
ACHMITOTUYHA [TOBEIHKA PO3B’SI3KIB IKOTO 1pH ¢ — +00 (BHIAI0K
W = +00) JOCTATHBO MOBHO JOCJiZKeHa (JIMB., HAIPUKJIAJ, MOHO-
rpadiro [1], Ch. 1, §6, p. 175-194). 3risHo 3 O3HAYEHHSIM OBLIBLHO
smimnol dyukuii L(y) = y°) upu y — Yy i romy piBusams (1) mpu
y — Yy € acuMOToTHYHO GJIM3bKUM JI0 JIHIHHOTO AudepeHIiaJIbHOro
piBHsiHHS (2).

s piBusans (1) BCTAHOBIIOIOTHCS acCHMITOTHYHI Ipu ¢ T w 30-
6pakenHst Jisi Beix MoxksmBux tuiis P, (Y, Ag) -po3B’si3kiB
(| Ao| £ +00).

1. Kiguradze I.T., Chanturia T.A Asymptotic properties of so-
lutions of nonautonomous ordinary differential equations.
Mathematics and its application (Mass Vol. 89). 1989.
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ITPO HOBI AJI'EBPUYHI ®OPMU
YMOBHU JIOITATUHCBKOT'O
Bosnomgumup C. ILnbkis
Harionassunii yrnisepcurer “JIpBiBcbka mosriTexHika”
JIpBIB, YKpaina
e-mail: ilkivvv@i.ua
Hocmimkennsa 3araJbHUX KpafoBuUX 3a7ad Jjd eJINTUIHAX 334
[TerpoBcbkuM cucrem AudEpeHIaIbHAX PIBHIHb PO3IOYATO y PO-
6orax 50-X POKIB MUHYJIOTO CTOJHTTS BUZHAYHOTO YKPAIHCHKOTO BUe-
noro 4. B. Jlonmaruncekoro. Bin 3anmncaB yMOBY, dKa BUJILIAE cepel
TaKUX 3a/1a4 eJINTUYIHI Kpaitosi 3aja4i (pasom 3 ymoBorw Jlomarun-
TAKOXK JIJIs CUCTEM EJIITUIHUX, HapaboiuHuX, MceBaoaudepeHii-
aJIbHUX TOINO PiBHAHB 1 Ma€ pisui (popMu 3ammcy, 30KpemMa ajaredpu-
qHy. Bin 3anucy 3a/1eKuTh ITPOCTOTa MEPEBIPKU 1€ yMOBH.
Ha xommaxkTaOoMy MuHOroBuai {2 posmipHocTi 1 3 Kpaem I’ pos-
IJISIIa€ThCs KpaiioBa 3amgada crpykrypu Jlyrmica-Hiperbepra

Au=f ma Q\T, Bu=g¢g mna T,

ge A — nNpaBUIBHO eJINTUYHUN MaTpUIHUA audepeHiiaabHuii ore-
paTop 3 TOJIOBHOIO YaCTUHOIO cuMBOJy ag(x,§), oneparop B wmae
posmip § X p 1 rosoBHy wactuny cumBosy bo(x,§). IMosnaunmo
ap(z) = ao(z, 7 + zv), by(z) = bo(z, 7+ 2zv), me z € C, z € T,
v=v(z) i 7=r7(xr) — oauHUYIHI BHYTPIIIHI HOPMaJb 1 JOTHYHA.
Ywmosa JlomatnHChLKOrO O3HaAUAE, IO Ajs1 goBiabHOTO h € C° 3a-
nmada ao(dy)v =0, bo(di)v|i=0 = h Mae exunmii crifiknii po3s’s130K.
Asre6puanoro dopmoto € ymosa: pajkn Matpuii Q(2) = by(2)a’(2)
e siinifino Hezasexnumu 1o Moxymo ag (2)=(z — z1) -+ (z — 25) , J1e
a’(z) — upmemnana marpung jgo ag(z), z; — KOpeHi MHOrowusena
det ag(z) 3 momaHOIO YSIBHOIO YaCTUHOK (YMOBA HAKPUTTS).
BcranoBieno nmekinbKa HOBUX Bepciit yMoBu JlomaTmHCBKOTO, fKi
dopmyiooThesa 3a gornomoroo Marpuilb 11.C. Kazimipcbkoro.
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YMOBU OJAHO3HAYHOI PO3B’SI3HOCTI
KPATIOBOI 3AIAYI TUITY JIPIXJIE

B YTOYHEHIN IIKAJII [TPOCTOPIB COBOJIEBA

2

Bosogumup C. Inpkis !, Ipuna I. BoasHcbka?,

Haranis I. Crpamn?
1.2.3 Harnionapamit yrisepcurer “JIppiBcbKa noitexmia”
JIbBiB, YKpaina
e-mail: !ilkivvv@i.ua, 2 iryna.i.volianska@lpnu.ua,
3 nataliia.i.strap@lpnu.ua

Y mpsiMOKyTHiN obstacti Q, sKa € JIEKApTOBUM JIOOYTKOM Yaco-
Boro [0,7] i upocroposoro [0,7] BiIPi3KiB, POIVISTHYTO BUIIAJIOK
zagaqi Tuny ipixie mjs gixiinoro mudepeHniajabHOrO PiBHSIHHS 3
JaCTUHHUMHM ITOXITHUMHA 31 CTAJIUMU KoedillieHTaMu

o 0 _ 0*u(t, z)
t <8758:z> u(h2) = D o g =0

s|<n
a2lu 82lu
l 912l |1—o Pl n+l o2l |, Pn+l,
aZmu _ 82mu _0
8m2m =0 8:132m =7 ’
[=0,1,...,n—1, m=20,1,...,n—1,

JIe Qsys, — KOMILIGKCHI 4HCIA, Ano = 1, Hpudomy |s| = so + s1,
n — HaTypaJbHe YHCI0, ¢y = wo(x), 1 = e1(z), ..., Poa—1 =

Yon—1(x) — zamani dyskuil Ha Biapisky [0,7], a u = u(t,x) —
mykana GyHKIsS B obacti Q.

JlocmimKeHo yMOBI KOPEKTHOI PO3B’I3HOCTI JAHOI 3aJa4l y Ipo-
cropax XepMaHjiepa, 1o yTBOPIOIOTL YTOYHEHY COOOJIEBCHKY IIIKAJTy
dyukIiit oxniel miticaol 3minaol. [1i yMoBHu ayre6puvHO MOB I3yIOTH
KOeIIenTH apr, Al p—1, ---5 (no ANQPEPEHIIATBEHOTO PIBHAH-HS;
BOHU BUKOHYIOThCS JIIsl YCiX (38 BUIHSTKOM HyJIbOBOI Mipu) BEKTO-
piB, CKIaIEHNX 3 INX KOeMiIlieHTiB.
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SMOOTH PERIODIC SOLUTIONS TO QUASILINEAR

HYPERBOLIC SYSTEMS

Iryna Kmit
Humboldt University of Berlin,
Berlin, Germany
Pidstryhach Institute for Applied Problems of Mechanics and

Mathematics,
Lviv, Ukraine

e-mail: kmit@hu-berlin.de

We provide conditions for the existence and uniqueness of classi-
cal time-periodic solutions to first order quasilinear 1D hyperbolic
systems with (nonlinear) nonlocal boundary conditions. The boun-
dary conditions cover different types of reflections from the bounda-
ry and integral operators with delays. In the first step we use a
Lyapunov approach to derive sufficient conditions for the robust
exponential stability of a linear(ized) homogeneous problem. Under
these conditions and a number of non-resonance conditions, in the
second step we prove the existence and uniqueness of smooth time-
periodic solutions to the corresponding linear nonhomogeneous pro-
blems. In the third step, we prove a perturbation theorem stati-
ng that the periodic solutions survive under small perturbations of
the coefficients of the hyperbolic system. In the last step, we apply
the linear results to construct smooth time-periodic solutions to the
quasilinear problems.

This is joint work with Viktor Tkachenko.

1. Kmit I., Tkachenko V. Lyapunov function and smooth peri-
odic solutions to quasilinear 1D hyperbolic systems. In: Ana-
lytical and Approzimate Methods for Complex Dynamical
Systems, Springer, 343-376 (2025).
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SINC-CONVOLUTION METHOD FOR DIRICHLET
PROBLEM FOR LAPLACE EQUATION ON THE PLANE
Yurii Kozlovskyi!, Vasyl Vavrychuk 2
1.2 Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: ! yurii.kozlovskyi@lnu.edu.ua,

2 vasyl.vavrychuk@Inu.edu.ua

Let D C R? be a closed connected domain on the plane with
boundary 9D . In such a domain, we consider Dirichlet problem
for Laplace equation. The solution could be represented [1] via the
single-layer potential. By applying boundary condition
g € CH*(OD) to the single-layer potential expression, we obtain an
integral equation for the unknown density ¢ € C%*(9D)

1) | a@uewis) = @) = cop.

Various numerical methods have been developed to solve the
problem in the planar domain, e.g. trigonometric polynomial ap-
proximations. However, in case of a domain with singularities, such
as corners or edges, traditional methods do not achieve satisfactory
accuracy due to the behavior near them.

While trying to keep up with the target level of efficiency, sinc-
approximation methods have advantages in their universality. The
same method could be used for smooth boundaries or boundaries
with corner and even open curves. Under the appropriate conditions,
sinc methods achieve exponential convergence rates [2].

In this work we demonstrate the proposed sinc-convolution me-
thod to approximate the integral equation (1).

1. Kress R. Linear Integral Equations, 3rd. ed. New York: Sprin-
ger-Verlag, 2014.

2. Stenger F. Handbook of sinc numerical methods. CRC Press,
2011.
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INTEGRAL PROBLEM FOR SYSTEM OF PARTIAL
DIFFERENTIAL EQUATIONS OF HIGHER ORDER
Grzegorz Kuduk
University of Rzeszow
Rzeszow, Poland
e-mail: gkuduk@onet.eu

Let H(R4 xR™) be a class of entire functions on R, K, is a class
of quasipolynomials of the form ¢(z) = >""" | Qr(z) exp[a,z] , where
ar € LCC, a, #aqp, for k#1, Q.(x) are given polynomials.

In the strip Q = {(¢t,z) € R*"*!: ¢t € {(T1,T2)U (T3, Ty),z € R},
we consider of the system of equations

n

o"U; o\ o IU;

o +]Z;aij ((%:) =7 =0, (1)
Ty Ty
/ 7T (¢, @) dt + / U, 2) dt = gig(a), k={1,...n}. (2)
T T

Theorem. Let p;r(z) € Kr, i ={1,....,n}, j={1,...,n}. Then
the class K\ p exist and unique solution of the problem (1)-(2).
Solution of the problem (1)-(2) can be represented in the form

n—1 n

Uit 2)=) > oy (836) { (A)Tk]p(t S NW (L, N) exp[)\x]}

k=0 p=1

A=0

Solution of problem (1)-(2) according to the differential-symbol
method [1].

1. Kalenyuk P.I., Nytrebych Z.M. Generalized Scheme of Sepa-
ration of Variables. Differential-Symbol Method. Publishing
House of Lviv Polytechnic National University. Lviv, 2002.
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IHTEI'PO-ANOEPEHIIIAJ/IBHI CUCTEMUA
31 SMIIIIEHHAM
TA 3MIHHUM ITOKA3ZHUKOM HEJIIHIMHOCTI
Irop I. Kynesous ', Oser M. Byrpiii 2
1.2 JTesiBcpknii namionamsuuil yaisepcurer iveni Ipana ®panka
JIbBIiB, YKpaina
e-mail: ! ihor kutsevol@lnu.edu.ua, 2 oleh.buhrii@lnu.edu.ua

Hexait T'> 0, n,N € N — geqaxi uncma, 2 C R" — obMme:kena
obractb, 02 — mexa §2 Ta Qo =N x (0,7).

[lykatumemo BekTop-byHKIO U = (U1,...,ux) : Qor — RV,
sIKa 3aJI0BOJILHAE TaKi CIIIBBIIHOIICHHS:

n

ﬁt - Z (Az](xat)(a—i_ b(w’t))ml)ac—i_

J
ij=1

q(x,t)—

+G(z,t)|u + b(z, t)| 2 (@ + bl 1))+

+/3(:1c,y,t) (ﬂ—f— b(y,t)) dy = F(z,t), (z,t) € Qor, (1)

Q

ulaaxjo,r = 0, (2)

u(z,0) = up(z), x €. (3)
Tyr A;j,G,3 — xBagparni marpuii N -ro mopsanky, b, F,ug —
BeKTOP-PyHKIl, ¢ = q(z,t) — 3MIHHUNA TOKA3HUK HeJiHIftHOCTI cu-
cremu (1).
Hexait H3 () — upoctip Cobonena, LI (Qor) — ysaranbuenmuii
npocrip Jlebera, U(Qor) = L?(0,T;[H()]V) N [Lq(x’t)(Q07T)]N,

W(Qor) ={uecU(Qor) | u € [U(Qor)]"},

ITpn neBHHX ymMOBax JIOBEJCHO TEOPEMH IIPO ICHYBAHHS Ta €/[H-
HiCTH y3arajbHenoro poss’ssky u € W(Qor) 3amaqi (1)-(3).
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ITPO 3AJJAYY KOLII JJId PIBHAHB 3 IMCUITATBHOIO
ITAPABOJITYHICTIO, SMIHHUMUMUN KOE®IIIIEHTAMN
TA BIJT€EMHUM POJIOM
Baamucnas A. JlitoBuenko !, Makcum O. Jleka?
1.2 Yepuipenpxmii HalioHaIpHIi yHIBEpCHTET
imeni FOpist @egproBuya,
Yepmibiyi, Ykpaina
e-mail: ! v.litovchenko@chnu.edu.ua, 2 leka.maksym@chnu.edu.ua

st nudepeHIiaJbHOrO PIBHIHHS 3 YACTHHHUME TOX1THUMUI
Opu(t; v) = {Ao(t;i0z) + A1(t, x;40:) bu(t; z),  (t7) € g, (1)

B IKOMy « — HeBizoma dyukuis, g = {(t;z) : t € Q, z € R"}, a
Ao(t;i0y) , Ai(t,z;i05) — nudepeHniaabHi BUpa3u MOPSIKIB Bi/IIIO-
BigHO p i p1, posmisiaernhes 3amada Kor 3 mo9aTkoBOIO yMOBOIO

ut; Y=o = f, [ €S (2)
ne S! — upocrip posnoxinis Tenbdanga i Hlmrosa.

Braxaernes, mo Ag(t;i0;) € {p;h}-napaboniannm wa Il 3
ITOKA3HUKOM Iapabossignocti h, poaoMm p < 0, a MOPSIIOK p; MEH-
mmit 3a h. Koedinientn pisusinus (1) Ha MHOXKUHI H[O;T] HeTle-
pepBHi 3a t, HeCKiHUeHHO anepeHIliiioBHl 38 £ 1 0OMexKeHi pa3om
31 CBOIMHU ITOXITHUMU KOMILJIEKCHO3HAYHI PYHKIIII.

Teopema. IIpu a > 1/(1—p/h) 3amaga Komi (1), (2) kopekTHO
posp’ssHa Ha MHOXKUHL (.77 . [i po3B’s130K € TUIAIKOIO KJIACHTHOIO
dyukuieo u(t;x) =< f, Z(t,z;0,-) >, sgka B 3Bu9aiiHOMy po3yMiHHI
3a/10BOJIbHsI€ piBHsiHHS (1), & mOYaTKOBY yMOBY (2) — y ceHci ciiabKol
36ikHOCTI B ipocTopi S, .

@yukiio 'pina Z nobymoano Ta jgocikeno B [1].

1. Litovchenko V., Kharyna D. Green’s Function of the Cauchy
Problem for Equations with Dissipative Parabolicity, Negati-

ve Genus, and Variable Coefficients. International Journal of
Differential Equations. 2024, Vol. 2024. 18 p.
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DENSE PLASTIC SUBGROUPS IN STRICTLY
CONVEX NORMED SPACES
Oles V. Mazurenko !, Taras O. Banakh?,
Olesia O. Zavarzina?
L2 Ivan Franko National University of Lviv, Lviv, Ukraine
3 V.N. Karazin Kharkiv National University
Kharkiv, Ukraine
e-mail: ! oles.mazurenko@Ilnu.edu.ua, 2 taras.banakh@lnu.edu.ua,

3 olesia.zavarzina@yahoo.com

Definition. A metric space X is plastic if every non-expanding
bijection f: X — X is an isometry.

We shall discuss the existence of a dense plastic subspace of a
metric space, and a dense plastic subgroup of a normed space, as
described in our following results.

Definition. A metric space (X,d) is strictly convez if for all
a,b € X and ri,re € Ry such that d(a,b) = ri+re, the intersecti-
on of the closed balls Bla,r1]|NB[b, ] contains exactly one element.

Definition. A topological space Y is analytic if there exists a
Polish (i.e., completely metrizable separable topological) space X
and a continuous map f: X — Y such that A = f(X).

Definition. A metric space is crowded if it has no isolated points.

Theorem 1. A crowded countable metric space is not plastic.

Theorem 2. An everywhere uncountable analytic metric space
contains a dense plastic subspace.

Theorem 3. An analytic strictly convex normed vector space
contains a dense plastic subgroup.

1. van Mill J. A topological group having no homeomorphisms
other than translations. Trans. Amer. Math. Soc. 1983; 280
(2): 491-498.

2. Naimpally S.A., Piotrowski Z., Wingler E.J. Plasticity in
metric spaces. J. Math. Anal. Appl. 2006; 313: 38-48.
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ACUMIITOTUYHA IIOBEJAIHKA PO3B’A3KIB O/JIHIEI
ICTOTHO HEJIHIMHOI CUCTEMU JIBOX 3BUYAMTHIX
JVNOEPEHIIAJIBHUX PIBHAHD
OJgnekcanap MakcumoB
Ounecpkuit narionaipauit yHipepcurer imeni 1.1, Meunukosa
Ouxeca, Ykpaina
e-mail: 2162237@Qgmail.com

Posrisinaerbesa cucrema nudepeHIiaIbHuX PiBHIHD

{ z' = p1(t)x° + q(t)eMY, 1)
y' = pa(t)e + qa(t)y”,
e o3, A; — JdomarHi cras, p;,q; : [a, +oo[— [0,+o00[ — memepepsHi
dyukuii (i =1,2).

Brigno 3 BursggoM cucreMn (1) KOXKHA KOMIOHEHTH Oy/Ib-sIKOrO
po3B’sizky (x(t),y(t)) cucremu (1) Taka, IO BUKOHYETHCS OJHA 3
JIBOX yMOB

(I) lim z(t)=c>0, abo (II) lim z(t) =0;

t—+o00 t—+o00
(I) tl}linooy(t) =d>0, abo (II) tlgnooy(t) =0.

B pobori 1ocitiKy€eTbest uTanHs Ipo icHyBaHHs y cucremu (1) i
ACUMIITOTUYHY IOBEJIHKY ¢ — 400 PO3B’43KiB HACTYIHUX THUIIB

(1), (ILID); (LI (ILT),

Jie nepina mudpa y JIyKKaxX BKa3ye IMOBEJIHKY HEePIINOol KOMIIOHEHTH
po3B’si3Ky cucremu (1), apyra — Apyroi KOMIIOHEHTH PO3B’sI3KY.

VY BUNAJIKY CHCTEMHU 3i CTEIIEHEBUMU HEJHHIHHOCTIMU TaHi TUTaH-
Hs paHimie BupintyBaguch B mpari [1].

1. Jaros J., Kusano T. Existence and precise asymptotic beha-
vior of strongly monotone solutions systems of nonlinear di-
fferential equations. Differ. Eq. Appl. 2013; 5: 185-204.
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TEOPEMUI TUITY ITOB3HEPA-BIHI'OJIBITA
JJId CUMETPUYHUX OITEPATOPIB
HITYPMA-JITYBLJLJIA
3 CUHI'VJIAPHUMU KOEO®IIIEHTAMN
Boaoaumup Moaubora
Tacrurytr maremarukuy HAH Ykpaiau
KuiB, Vkpaina
e-mail: molyboga@imath.kiev.ua
B rims6eprosomy mpoctopi L2(R) mocimzKeno cuMeTpmdHi orre-

paropu Irypma-Jliysiist Lo, siki mopojikeni dpopmabHuM uce-
PEHITIaIbHAM BAPA30M

lu] :== —(pu') + qu +i((ru)’ + ru'),

Ipy MiHIMAJILHUAX MIPUIYIIEHHIX Ha Koedimieratu. IIpumyckaemo, mo
KOeIIIeHTH 3a/I0BOJILHSIIOTH YMOBaM

o1 Q r
q:S+Ql7 Z7p7578€Llloc(R)7 e ;

—— e L,
Vil Vil

Jie ntoxijiHa GyHKINT () pO3yMIeThCsS B CEHCI y3arajbHEeHUX (DYHKITIH,

(R),

i Bcl pysKIil p, @, r, s € mificauMmu. 3okpeMa, KoedimieHTn ¢ i
r’ MoxyTb 6yTn mMipamu Pamona ma amciosiit oci R, a dynkmis p
MOYXKE MaTU PO3PUBU.

OcHoBHuuii pesybrar [1]: 3HaiigeHo gocraTHi yMOBH Ha KOedilieHT
P, 9K Ha BClif Ocl Tak 1 Ha MOCJIIOBHOCTI 1HTEpBaJIiB, IPU BUKOHAH-
Hi IKUX 3 HAIIIBOOMHKEHOCTI 3HU3Y CUMETPUIHOrO oreparopa Ly
CJIIy€ MOro CaMOCHPSI?KEHICTh.

PesyapraTu orpumano crisibao 3 B. Muxaitnernem ta A. T'oprono-
BHUM.

1. Mikhailets V., Goriunov, A., Molyboga V. Pouvzner-Wien-
holtz-type theorems for Sturm-Liouville operators with si-
ngular coefficients. Comp. Anal. Oper. Theor. 2022; 16: 113.
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FORMALISATION OF DANGEROUS CONTENT SPREADING
IN SOCIAL NETWORKS
Oksana Ostrovska
Ivan Franko National University of Lviv, Lviv, Ukraine
e-mail: oksana.ostrovska@Ilnu.edu.ua
Formalising dangerous content dynamics (via network structure,
user states, content analysis, epidemiology) enables simulation and
countermeasure design.
Formalization Steps:
1. Network Graph: Social network represented as oriented
graph G with users V and interconnections F :
G=(V,E). (1)
2. User States (Markov): Model state X;(t) € {S,I,R},
transition probability:
P(X;(t+1)=2" | X;(t) =x). (2)
3. Content Analysis (LDA): Topic/word distributions via LDA
(04 : topic dist. per doc d; ¢ : word dist. per topic k; zg4y,: topic
of word n; wgy,: word n):
O ~ Dil“(Oé), bk ~ Dlr(ﬂ)v (37 4)
Zdn ~ Multinomial(0g), wgn ~ Multinomial(¢,,, ). (5,6)
4. Spread Dynamics (SIR Model) [1]: Population dynamics
via ODEs ( §: infection probability, -y : removal probability):
dsS dl dR
o = PSL =85l —r=v (7,8,9)
Framework enables quantitative simulation, supporting proactive
mitigation strategy development.

1. Wang X. et al. A rumor reversal model of online health
information during the Covid-19 epidemic. Information Pro-
cessing & Management, 2021.
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ON THE NUMERICAL SOLUTION OF THE DIFFUSION
PROBLEM WITH SPATTAL NONLOCAL EFFECT
Oksana Palianytsia
Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: oksana.palianytsia@lnu.edu.ua

We consider parabolic partial differential equation (PIDE)
ou
ot

XeD,te [0,00), where D is a bounded 2D or 3D domain,
K:DxD—=R, f:Dx][0,00) = R are given smooth functions.
This PIDE, together with appropriate initial and boundary condi-

9% 1) = Au(E, 1)+ /KXY) (V1) dY + (X, 1),

tions, describes nonstationary diffusion incorporating a spatial non-
local effect. We apply the following two-step approach for the nu-
merical solution: first, using either the Laguerre transform or the
Rothe method with respect to the time variable, the given nonstati-
onary problem is reduced to a sequence of boundary value problems
for elliptic PIDEs; next, the radial basis function (RBF) method is
applied. As a result, we obtain a sequence of linear systems with
the same matrix and recurrent right-hand sides. The corresponding
integral coefficients are evaluated using Gauss-Legendre quadrature
rules. The RBF shape parameters are optimized using genetic algo-
rithms.

The results of the numerical experiments are presented to demon-
strate the accuracy and efficiency of the proposed method [1].

1. Borachok I., Chapko R., Palianytsia O. On the numerical
solution of a parabolic Fredholm integro-differential equation
by the RBF method. Results in Applied Mathematics. Vol.
26, 2025.
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CTINKICTB PO3B’A3KIB CUCTEM JUOEPEHIIIAJILHIUX
PIBHAHDB I3 IPOBOBUMU ITOXTIIHVMMN.
METO/I ®VHKIIIIL JIAIITYHOBA
Anna P. ITanescbka !, Tanuna I1. Jlonyma#nceka 2
1.2 JTesiBcpknii namionamsuuil yaisepcurer iveni Ipana ®panka
JIbBIiB, YKpaina
e-mail: ! anna.papevska@gmail.com, 2lhp@ukr.net
BukopucroByioun anajsior merony dyukmii JIgnyHoa mocimke-
HHSI Ha CTIMKICTHL PO3B’SI3KIB HEJTIHIMHNX cUCTeM AudepeHIaIbHIX
piBHsIHB 13 ipoboBumu noxigaumu (qus. [1], [2]), sHaiineno pocrarhi
YMOBH CTifiKOCTI HYJIbOBUX PO3B’sI3KiB CHCTEM

D% = —y1,
D%y =y — Y3,
cD%s3 = y3,

‘D = x(a — by),
‘D% = y(—d + cz),
IO BUHUKAIOTH BIIIOBITHO Y KIHETUI[ XiMITHUX peakIiii i eKosorii.
Tyr °D%r — noxigaa Kanyro nopsiiky « € (0, 1] dyukuii x .
Pesysnbratun MOKyTh OyTH KOPUCHUMM IIPU MOJIE/IOBAHHI CKJIa-
JTHUX TIporieciB y disuti, 6ioJorii, ekoJiorii, 1e KIacudIHi MoJIes i He-
JOCTATHBO TOYHO ONKCYIOTH ITOBEJIHKY IIPOIIECY.

1. Li Y., Chen Y., Podlubny I. Stability of fractional-order
nonlinear dynamic systems. Comput. Math. Appl. 2010; 59:
1810-21.

2. Sabatier J., Aoun M., Oustaloup A., Gregoire G., Ragot F.,
Roy P. Fractional system identification for lead acid battery
state of charge estimation. Signal Process. 2006; 86: 2645-
2657.
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[IPO ®YHJAMEHTAJIBHUI PO3B’SI30K 3AJIAYI KOIIII
JJIA TUCUITATUBHOTI'O YJIBTPAITAPABOJITYHOI'O
PIBHAHHA 3 HESAJIE2KHVMU BT SMIHHUX
BUPOI2KEHHA KOEOIINIEHTAMIN
Tanuna C. Ilaciyauk
YepHiBerpkuii HarfioHabHII yHIBepcuTer imeHi [Opis DeproBuda
Yepwibiyi, Ykpaina
e-mail: h.pasichnyk@chnu.edu.ua

B mapi 7 := (0,7] x R", T > 0, posrasaaeTbcs piBHAHH

ni ni
(S— Z ajs(t, 21)0x, les—Zaj(t, 21)0z,;—ao(t, x1)>u(t, x)=0, (1)
jro=1 =1

Ie n:=ni+mn9,a ni, ng — HATYpPaJbHI YUCIA TaKi, IO N9 < N ;
x € R" ckianaeTbes 3 IBOX I'PYI 3MIHHEX X := (Zy1,...,%m,) €

n2
R™ , [ €{1,2} raxknx, mo x:= (v1,72); S := 0y — Y 010, . Pis-
j=1

ustaas (1) € Bupo/pkennM piBasiHEsIM Komoroposa 1pyroro mopsiji-
Ky, fforo xoedinieHTn He 3ajeKaTh BiJ 3MiIHHUX BUPOIKECHHH T2 ,
j€{1,...,n2}, 1 MoXKyTH 3pocTaTu pu |r1| — 00.
Picr koedimientis piBasuas (1) 3amekuthb Bijg mesxol dyHKIHT
D :R™ — [1,00) (XapaKTepUCTHKY JUCHIAILII) TAKOI, 10
D(x1) — oo npu |z1| — 00, a jjist piBHSHHS
n1

(9= 3" aje(t.20)001, 00, = Y5t 21) (D))" Ors (=i00,) =

je=1 =1
=) . 2
—ao(t, 21)(D (1)) (<i0,..,)" ) vt 2) = 0,
3 JIOJIATKOBOIO ITPOCTOPOBOIO 3MIHHOIO Ty 1 BUKOHYETHCSI YMOBA Ma-
pabostiaHOCTI. 3a MPUIIYIIEHHS Ie/ibIepOBOCTI KOeillieHTIiB Ta J10-

JTATKOBOI YMOBH Ha XapaKTEePUCTHKY aucunarii Jyst piBasaHs (1)
OyayeThesi pyHIaAMEHTAIbHNI PO3B’a30K 3aati Kori.
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ON INTEGRABLE IN QUADRATURES EVOLUTION
PARTIAL SUPER-DIFFERENTIAL EQUATIONS
ON SUPERSPACES
Anatolij K. Prykarpatsky
Lviv Polytechnic National University, Lviv, Ukraine
e-mail: pryk.anat@cybergal.com

Let R ~ R x A denote the superized real axis R by means
of one-dimensional Zs, -graded Grassmann algebra Al = Aé'l@Ayl
with coordinates (z,6) € R x A" and Dy := 8/960 +600/dx be the
correspondinf super-derivation, acting on the space C’OO(R”l; A1|1)
of smooth functions on R . For any smooth function
uP) € C°(RUY; AM) of parity (p) € Zy there exists the expansion

u® (z,0) = u® (z) + GuPH (z) (1)

at any point (x,0) € R with uniquely defined smooth mappi-
ngs u®) e COO(Rl‘l;Ab‘:)), k = p,p+ 1. For function (1) there is
defined the super-integral [u(®)(x,0)df, (p) € Zs, over the super-
variable 6 € Ai'l via rules: [1 df = 0, [0 df = 1. As a si-

mplest example, a general linear second-order non-uniform and non-
autonomous evolution partial super-differential equation looks as

ou)ot = a(z,0;t)u+ bV (z,0; ) Dgu 4 O (x,0;t)D3u,  (2)

where an odd function u € C’Q(Rl‘”;Agm)) is unknown, the coeffi-
cients @, b ) ¢ co@®RM; A0MD) are assumed to be given
at all points (z,0) € R and evolution parameter ¢t € R.

Similarly, one can write down a nonlinear autonomous second-
order evolution partial super-differential equation

Ou/dt = K (x,0;u, Dou, D3u), (3)
where the mapping K : R x 9% — T(9) above is interpreted

as a vector super-field on the functional jet-supermanifold 9t ~
J2(R1|1;A§1|1)) , pameterized by points (z,6) € R and ¢t € R.
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Definition. We will call the evolution super-differential equati-
ons like (2) or (3) integrable by quadratures, if these equations
possess analytical functional invariants, that is conservation laws
v € D(R'Y x 9) | invariant with respect to the parameter ¢t € R:

dvy/dt = 0v/0t + (gradv|K) = 0, (4)

where ¢ := grady € T*(9) denotes the usual super-gradient of the
functional v € D(R' x 901) with respect to u € CQ(R”l;A}'l) :

The following generalization of the classical Noether-Lax lemma
makes it possible to describe invariants of the vector super-field (3).

Lemma 1 (Noether-Lax type generalization). Let vy € D(R'! x
9) be an invariant of the vector super-field (3) on the supermanifold
M and ¢ = grady € T*(IM) be its gradient. Then the following
functional super-differential evolution equation

Do/t + K p=0 (5)

holds on the whole super-space R x Mt for all ¢ € R, where K"
T*(OM) — T* (M) is the adjoint operator to the Frechet derivative
K' : T(OM) — T(M) of the vector super-field (3) with respect to
the natural bilinear super-form (-|-) : T*(9)xT(9M) — A on the
Euclidean product 77 (91) xT'(9Mn) .

Our work is devoted to a development of the classical Hormander
[1] approach to studyng the asymptotic solutions to the Noether-Lax
type evolution equation (5) and their application for constructing
invariants |2] of nonlinear evolution partial super-differential equati-
ons (3).

1. Hormander L. Linear Partial Differential Operators. Berlin,
Heidelberg: Springer, 1964.

2. Blackmore D., Prykarpatsky A.K., Samoylenko V.H. Nonli-
near dynamical systems of mathematical physics. NJ: World
Scientific Publisher, 2011.
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SAJJAYA 3 IHTEI'PAJIBHOXO YMOBOIO
I BUPOJ/I?KEHHAM J1J14 TTAPABOJITYHUX PIBHAHDb
Isan . Iykanbcekuii ', Borgan O. Sman 2
L2 YepriBenpkuii HarioHapHIi yaiBepcurer imeri FOpist
DerpKOBHYA,
Yepmibiyi, Ykpaina
e-mail: !i.pukalsky@chnu.edu.ua, 2b.yashan@chnu.edu.ua
Hexait 1, tg, T — dikcoBani uncna, 0 <tog<T, n € (to,T),
) — messka obmeskeHa obsacth, dim ) <n —1,
D={(t,x) | z€Q,tecty,T)YU{(t,z) | t=n, v € R"}.
Posrisinemo B obmacti IT = [tg,T) X R" 3aja4dy 3HAXOIKEHHSI
dyukuil u(t,z), axa sagoBosbusie npu (t,z) € II\ D piBusnus
(2) G- Y Aptz)ofu— > Ap(t2)00u= f(t ),
[k|<2b Ip|<2b—1
1 iHTerpaJibHy YMOBY 3a 3MIHHOIO ¢
T
@) ulto,r) + / bt 2)ult 2)dt = o(x), x € R\ T
to
Bazaua (1), (2) mocrimxyerses y npocropax Cl(vy; B;q;II) [1].
Teopema 1. Hexaii st 3aa4i (1), (2) Bukonani ymosu a), 6)
(Teopema 1, [1]) b(t,z) € C?P+2(IT). Toxi icnye emunmii po3s’ 30K
sagaui (1), (2) i3 mpocropy C2*+9(v; 3;0;11) i cupasmKyeThes He-
PiBHICTH

;5 B50; M [|2pra < C(ll3%; B 05 R |2bsa =+ |1 £377; 85 2073 1| a)-

1. Pukal’s’kyi I.D. Cauchy Problem for Nonuniformly Parabolic
Equations with Power Singularities. Journal of Mathematical
Sciences, 2023, vol 277. P 33-46.

DOI: https://doi.org/10.1007/s10958-023-06811-5
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CORRECTNESS IN THE CLASS OF ALMOST PERIODIC
FUNCTIONS OF THE DIRICHLET-NEUMANN PROBLEM
FOR PARTIAL DIFFERENTIAL EQUATIONS UNSOLVED
WITH RESPECT TO THE HIGHEST TIME DERIVATIVE
Sofiia M. Repetylo
Pidstryhach Institute for Applied Problems of Mechanics and
Mathematics NASU, Lviv, Ukraine
Lviv Polytechnic National University
Lviv, Ukraine
e-mail: repetylosofiya@gmail.com
There is considered such boundary value problem in a multidimensi-
onal layer QP:={(t,x) eRP*1: 0 <t<T,z€RP}, T>0, peN:

2n n—1 2r ‘s‘u tox
(gt) L((;i)u(t,x) +Z<§t) ZaZW:f(t,x), (1)
r=0 |s|<w
{ (0% 2u (t,z) /0t —2) ‘t:O =@; (),
(0% (t,2) /01| g = oney ()4
9 ol - \
where L ((%:) = Z bsm — elliptic operator, af,bs € C,
|s|<21

ayb #0, s=(s1,...,8)) EZE | |s| =814+ sp.
The solvability of problem (1), (2) is investigated in the class of the
almost periodic in the variables x1,...,z, functions, with a given

jell,...,n}, (2

spectrum
M:={px €R? : p_p=—pk, po = 0, dy |k|”" <|pk|<d2 |k|%, k € Z"}

where dy > d; >0, 09>201>0.

There are established conditions of the unique solution existence
for problem (1), (2) in the scale of spaces of the exponential type for
almost all (with respect to the Lebesgue measure in R ) numbers T
and for almost all (with respect to the Lebesgue measure) coefficients
of the equation (1).
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IMEPIOJINMYHA 3AJIAYA TEIIJIOITPOBIIHOCTI
3 YMOBAMH JIPIXJIE Y BATATOIIIAPOBIN OBJIACTI

Isan SI. CaBka', Muxaiiso A. Murpodanos >

L2 Incruryr npukragamx npobireM MexaHIKH i MaTeMaTHKI
im. H.C. Iligcrpuraga HAH Ykpainm,
JIbBIiB, YKpaina
e-mail: ! ivan.savka@pnu.edu.ua
Hexait Q =R/277Z, D = (xo,x,) — BiApi3oK aificHol npsimoi R,
Dj = (xj_l,a:j) Cc D, Tji—1 < ZTj, Uj = Uj(l‘,t), j=1...,n.

B obmacti D x Q mjust u = (uq,...,U,) PO3IIAIAETHCS 3a/a4a
(9u]' 82u]' .
E:OéjaxQ, (x,t)GDJXQ, ]:1,...,7’1,, (1)
Ut|z=zg = G1(t);  Unlo=z, = g2(t), t€Q, (2)
O%u; o%u;
o — 7 Ui . s=01 j=1,....,n—1, (3)
oxs T=Tj_ oxs T=Tj

ae ai,...,an € Ry, gki € nmonmapHo pizuumu, ¢7 i go — 3ajaHi
nepiopnyni dbynknil i3 npocropy Cobosea Hy(§2) .

MeromaoM po3iieHHs 3MIHHAX 3/1/iCHEHO TTOOYI0BY aHAITHIHIX
dopmanbanx poss’sskis 3axaqi (1)-(3) y surusiai psaais Pyp’e. Ho-
CJTIIPKEHO KOPEKTHICTh JaHol 3a7a4i B mpocropax CobosieBa i oTpu-
MAaHO JOCTAaTHI YMOBH iCHYBaHHS €IMHOIO PO3B’SI3KY U 13 KOMIIOHEH-
tamu u; i3 npocropy C*(Dj; Hy(Q)), j=1,...,n.

1. Hahn D.W., Ozisik M.N. Heat Conduction. New York: Wiley,
2012.

2. Carr E.J., Turner IL.W. A semi-analytical solution for multi-
layer diffusion in a composite medium consisting of a large
number of layers. App. Math. Model. 2016; 40: 7034-7050.
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IMNEPETBOPEHH{ JTATIJTACA 1 PO3B’4A3KUN PIBHAHDb
13 IPOBOBIMMU ITOXIJIHUMUN
MapTta A. Capuun ', T'anuna I1. Jlonymancbka 2
L2 JpgiBcpkuii HanjonaapHuii yuipepcurer imeni Isana ®panka
JIpBIB, YKpaina
e-mail: ! martasavchyn089@gmail.com, 2 lhp@ukr.net

PiBustHHS 3 JpOOOBUME MOXIIHUME 3HAXOJSITH BCE OiJIbIE 3aCTO-
cysasb |1, 2|. Bukopucrosytoun nepersopents Jlamiaca [3| spuuaii-
HUX Ta y3arajbHeHuX QYHKIN, IXHI BJIACTUBOCTI, OTPUMAHO PO3B A3~
KI OKPEMUX, BayKJIUBUX JIJIsT TPAKTUKH, PIBHSAHD y 3rOPTKAX, 30Kpe-
Ma, 3BUYAWHNX PIBHIHD 13 JIPOOOBUMU ITOXiTHUMU.

3a jonomoroio reperBopenns Jlamraca mo0ymoBaHO pO3B’s30K
KpaifoBol 3aja4i jyisi piBHsIHHS J1po00BOI audy3il y mepruiomMy KBa-
JPaHTI, III0 MA€ 3aCTOCYBaHHs y TEOPil CUI'HAJIIB, TAKOXK IMOOYI0BAHO
PO3B’430K 3a/1adi y mapi st TejaerpadHoro piBHIHHs

9%u

0z2

3 apoboBuMu moximunmu KamyTo 3a gacoM.

‘D% + b°D%u = + g(z,t)

1. Kisela T. Fraction differential equations and their applicati-
ons. Brno, 2008. — 71 p.

2. Kai Diethelm. The analysis of fractional equations. An ap-
plications-oriented expositions using differential operators of
Caputo type. Lecture Notes in Mathematics. Berlin Hei-
delberg: Springer-Verlag, 2010.
DOI:10.1007/978-3-642-14574-2

3. Lewis B.J., Onder E.N., Prudil A.A. Laplace and Fouri-
er transforms. Advanced Mathematics for Engineering Stu-
dents. 2022. P. 75-109.
https://doi.org/10.1016/978-0-12-823681-9.00011-3
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METPUYHI OLIHKN BUSHAYHUKIB BATATOTOYKOBUX
SAJIAY JIJId PIBHAHDB 13 HACTUHHUMUN TTOXITHVUMN
Muxaitiio M. CumoTiok
IncruryT npuriaganx npobjaeM MexXaHIKH I MaTeMaTHKO
im. . C. Ilinctpurasa HAH Vkpainu, JIpBiB, Ykpaina
e-mail: mykhailo.m.symotiuk@gmail.com

Hexait I,n,pe N, I <n, k= (ki,...,kp) € ZP,
Aj(k) =) Aj k. kP, Aj,€C,
|s|<j

J=0,1,....n—=1, s=(s1,...,8p) €ZE, |s|=s1+... 45,

fi(t k), ..., fu(t,k) — maka dyHmaMenTasIbHA CHCTEMA DPO3B’SI3KIB
pisnsams y™ (t) + Z?;& A;(k)y9(t) = 0, mo fq(Jfl)(O, k) =104,
Jog=1,...,n, 64 — cumBoa Kpomekepa; r1,...,7 € {1,...,n},

rt...+rp=n, ti,....t €1[0,7], t= (t1,...,11),
g —1
Fira (6. ) = col(fi(t, k), fL(t, K)o £ K), q=1,...,0,
Ei(t k) = col(fim (t1, k), .o, Fim(t k), G=1,...,n,
A(k) = det |FL (B k), ..., F.(t.k)||, keZP. (1)
Busnaunuku (1) BUHMKAIOTH TIPU JIOC/JIZKEHHI GAraTOTOYKOBUX
3124 JIjIsi PiBHSIHb 13 YaCTUHHUMH IIOXIJTHUMHU B IIAJIIHIPUIHUX

obJacTsix. 3a JOMOMOTO METPUIHOTO miaxoiay [1] BcranoBiIeHO, 1110
JIUIST HAJIEXKHO BUOPAHUX CTANX W, d,7y OIHKA

(AR = (L4 [k exp(Ok[7), [k = kol + ... + (K|, (2)

BUKOHYETLCs J17Ts1 Maiizke BCix (crocosro mipn Jlebera B R!) BekTopin
t€[0,T)" mna seix (kpim cximdennoi ximbkocti) k € ZP .

1. Irammuk B.J., Inskis B.C., Kuirs 1.9, Tosmimyk B.M. He-
AOKAALHE KPatiosl 3a0ani 0AA PIBHAHL 13 YACTNUHHUMU NOLI-
onumu. Kuis: Hayk. aymka, 2002.
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BEPXH{ ITOTOYKOBA OIIHKA PO3B’A3KIB PIBHAHHA
3 P-JIATIJTACIAHOM 3 BUKOPUCTAHHAM
ITOTEHIIAJTY BOJIb®A
Irop I. Ckpunnik ' , €pren C. 303yms >
! Incruryr npukmamgioi maremarukn ta Mexaniku HAH Ykpainn
Yepkacu, Ykpaina
2 Jlonbackka jiep:KaBHa MAITHHOOY/JIBHA aKa leMist
Kpamaropcek-Tepromiib, Ykpaina
e-mail: !ihor.skrypnik@gmail.com ? albelgen27@gmail.com

V3zaraabHIOEThCS TpecTaBieHus [lyaccona na BUIAIOK KBa3ii-
HIfHOTO MapaboJIiIHOro PIBHSIHHSA ANBEPI€HTHOIO THUITY

v(z)uy — div(w(x)|VuP72Vu) = f, p>2, (1)

y obmacri Q7 = Qx(0,7T), 3 Barosumu dyskuisvu v(x), w(z), mo
HajleXkaTh Kiaacy MakkenxaynTa Ta npasoto qactunoio f € LY(Qr).
Bsaxkaemo, mo ) — obmexkena obactb y R", n > 2, 0 < T <
+00.

Takoxk po3rsgaeMo y3arajibHeHHs piBHsHHs (1) — KBasiiiniiine
mapaboJTiuHe PiBHIHHS JUBEPTEHTHOTO THILY

v(x)ur — div A(z, t,u, Vu) = f(z,t) y Q. (2)

IIpu meBHMX yMoBax Ha BXiJHi JlaHI OTPHUMAHO TOYKOBI OIHKU
y3arajJbHEeHOro po3s’si3Ky piBHsIHB (1), (2) Yepes BaroBuii oTeHIia
Bosnbda ([1]-]9]). Hosenenust (aus. [9]) rpyHTyeThCsS Ha BiANOBII-
Hux moaudikarisx irepamniitnol rexuiku e Ixxopmxki [2|, merory
BHyTpimuboro Mactrrabysanis i Benenerro [3| aganranil texmi-
kn Kinnenaitnen-Masn [4]-[5] mo mapabosivunux piBHAHB Ta igesmu
3 [7]-[8].

1. Adams A., Fournier J.J. Sobolev Spaces. Acad. Press, 2003.

2. De Giorgi E. Sulla differenziabilita e l’analiticita delle estre-
mali degli integrali multipli regolary. Mem. Accad. Sci. Torino
Cl. Sci. Fis. Mat. Natur. 1957; 3: 25-43.
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. Di Benedetto E., Gianazza U., Vespri V. Harnack inequality

for degenerate and singular parabolic equations. New York:
Springer, 2012.

. Heinonen J., Kilpeldinen T., Martio O. Nonlinear Potential

Theory of Degenerate Elliptic Equations. New York: Oxford
Science Publications, 1993.

. Kilpeldinen T., Maly J. The Wiener test and potential esti-

mates for quasilinear elliptic equations. Acta Math. 1992;
172: 137-161.

. Ladyzhenskaya O.A, Solonnikov V.A. Uraltceva N.N. Linear

and quasilinear equations of parabolic type. Amer.
Math. Soc. 1968.

. Liskevich V., Skrypnik I.I. Harnack’s inequality and continui-

ty of solutions to quasi-linear degenerate parabolic equations
with coefficients from Kato-type classes. J. Diff. Eq. 2009;
247 (10): 2740-2777.

. Liskevich V., Skrypnik I., Sobol Z. Potential estimates for

quasi-linear parabolic equations. Advanced Nonlinear Studi-
es. 2011; 11 (4): 905-915.

. Zozulia Y. Pointwise estimates of solutions to weighted pa-

rabolic p-Laplacian equation via Wolff potential. Ilpami
ITIMM HAH Vkpaiau. 2023; 36 (2): 72-90.
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NONLOCAL TWO-POINT PROBLEM FOR A PARTIAL
DIFFERENTIAL EQUATION OF THE EULER TYPE
Yaroslav O. Slonovskyi!, Volodymyr S. Ilkiv 2
Mykhailo M. Symotiuk?
1.2 Lviv Polytechnic National University
Lviv, Ukraine
2 Pidstryhach Institute for Applied Problems of Mechanics
and Mathematics,
Lviv, Ukraine
e-mail: ! yaroslav.o.slonovskyi@lpnu.ua,
2 jlkivvv@ukr.net, 3 mykhailo.m.symotiuk@gmail.com

We consider the nonlocal two-point problem

<t§t>nu(t,x) + EZ:AJ- ((fx) (ti)n_ju(t,x) —0, (1)

071y

MO e |, M et

where t € (0,T), = (z1,...,2p) € W, Q, = (R/27Z)P,
to,t1 € (0,7, po,p1 € (C\{O}

o ,
< > Z 35881”'851” j=1,...,n,

ls|<j

=pj(x), j=1,...,n, to <ti, (2)

ajs €C, s=(s1,...,8p) €ZE, |s|=s14+...4 p.
Sufficient conditions for the correct solvability of the problem (1),
(2) are established. Using a metric approach [1], it is shown that such
conditions are fulfilled for almost all (with respect to the Lebesgue
measure) parameters of the problem (1), (2). The obtained results
develop the research in [1].

1. Ptashnyk B.Yo., Ilkiv V.S., Kmit’ I.Ya., Polishchuk V.M.
Nonlocal boundary value problems for partial differential
equations. Kyiv: Nauk. Dumka, 2002.
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JIBOTOYKOBA 3AJIAYA JIJIA I'ITTEPBOJITYHOI'O
PIBHAHHA 4-T'0O IIOPAJKY 3 OIIEPATOPOM BECCEJIA
IBan P. TumkiB, Okcana M. Menasianb
! Ipano-@panKiBcbKHil HAILIOHAIBHII TeXHITHIIT
yHIBepcuTeT HahTH 1 rasy,

Iano-®pankiBcek, YKpaina
2 [HeTHTYT IPHK/IAHIX IPO6IeM MeXaHiKH I MaTeMaTHKH
im. H.C. Ilincrpuraga HAH Ykpainn,

JIbBIiB, YKpaina
e-mail: !tymkiv _if@ukr.net, 2 medoks@ukr.net

Hexait J,,(t), n € R, — dynkuis Beccens I-ro pomy nopsiaky n;
E,, a € R, — npocrip pauis g(z) = ZkeZ\{O} gre’*® g € C, ms
sxnx [|g; Eall® = Ygen oy lox* K[> < oo ER — mpocrip pais
u(t,x) = D ken fo} ug(t)e™*® | xoedimienru uk(t) SIKUX € aHaJIiTh-
anmvm 3a ¢ wa [0,7], ||u; Eil? = 32 Z max \u ( H2 k> <

kez\{0} j=0t€[0.T]
Q.

V npocropi E? nocrimzkeno poss’asmicTs 3a1a4i

2
H (8,52 + 27”& — aqag) u=0, ul=; =gj(x), j=12, (1)
q=1

e u=u(t,z), vEN, aj,aa >0, a; £az, 0<t; <ta <T.
12
1 Ak :dtHJ ket 2| ke
osmavmnsio A(K) = det [,y (yalhle)/F ke 2
{o}.
Teopema 1. Hexait A(k) # 0 mua Vk € Z\{0} ta Jw € R

Take, MmO I BCIX (KpiM CKIHYEHHOI KUIBKOCTI) 1iInX Kk BUKOHY-

erbest HepiBaicTh |A(K)| > |k|7¥. dkmo g1,92 € Ea,, 16 a1 =
a+w+v+3/2, 1o icnye emuamit poss’asok (1) 3 mpoctopy E2 .
1. Hrammuk B.J., Inekis B.C., Kuirs 1.9, ITomimyk B.M. He-
AOKANDHT KPAT06T 3a0a4i OAL PIBHAND 13 YACTMUHHUMU NOXi-
onumu. Kuis: Hayk. mymka, 2002.
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CUCTEMU BYCIHECKA-CTOKCA
3 BUITAJIKOBYM 3BYPEHHAM
Map’ana B. Xoma ', Oner M. Byrpiii
L2 JpgiBcpkuii HanjonaapHuii yuipepcurer imeni Isana ®panka
JIpBIB, YKpaina
e-mail: ! mariana.khoma@Inu.edu.ua, 2 oleh.buhrii@lnu.edu.ua
Hexait T'> 0 ta n € N — jgeski uncaa, 2 C R" — obmexkena
obmactb, 02 —mexa 2, (S, F,P) — noBuuii iMmoBipHicHuit 1pocTip,
o7 =2 % (0,7) xS ta Ogr = (0,T) xS.
MMykarumemo HeBimomi yukiil v = (u1,...,uy) : Hop — R™,
m:pr —+ R Ta 0:Ij7 — R, aKi 3a/10B0IbHAIOTD
n
up — Z (Aij(a:,t)uxi)xj + G2, t)|u| 1@ 2+
ij=1

+BO+ V= F(z,t,w) + bz, t,w), (z,t,w)elpr, (1)
divu =0, (x,t,w) € Uy, (2)

0y — a0 + (B, u)rn = f(z,t,w), (z,t,w) € Iy, (3)

/w(x,t,w) de =0, (t,w)€Oyr, (4)
Q

w(z,t,w) =0, O(z,t,w)=0, z€d, (t,w)eOyr, ()

u(z,0,w) = up(z,w), 6(zr,0,w)="0(r,w), z€Q, wesS. (6)

Tyr, 30kpema, by — goganok tuiy 6imoro mymy, g = g(x,t) — 3min-
HUIi TOKA3HUK HesiHiitHoCTI cucremu (1).

[Ipu meBHUX yMOBax Ha BXIiJIHI JaHI JOBEIEHO TEOPEMHU IIPO iCHY-
BaHHsI Ta €JINHICTH y3arajJbHEHOro po3B’s3Ky 3ajadi (1)-(6).
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SLOWLY VARYING SOLUTIONS OF THE SECOND ORDER
DIFFERENTIAL EQUATIONS WITH NONLINEARITIES
OF EXPONENTIAL TYPES
Olga O. Chepok
South Ukrainian National Pedagogical University
named after K.D. Ushynsky
Odesa, Ukraine
e-mail: olachepok@ukr.net

We consider the following differential equation

y" = aop(t) exp(Ro(y,y') + exp(Ri(y,y'))), (1)

where ag € {—1;1}, p: [a,w][—]0,+o0] (—00 < a < w < +00), the
functions Ry : Ay, x Ay, —]0,400[ (k € {0,1}) are continuously
differentiable, Y; € {0, £o0}, Ay; is the one-sided neighborhood of
Y; . We also suppose the functions R} satisfy the conditions

lim Rk(y()vyl) = +00,

(y0,y1)— (Yo, Y1)
(¥0,¥1) €AY, XAyy

OBk (yo. y1)
T Oy ~ i\ j
lim ————*—— = ~y; uniformly by y; # v; (k,7,5 € {0,1}).
vt Brlyo,y1) 7l o

We have established the necessary and sufficient conditions of exi-
stence to the equation (1) P, (Yp,Y1,0)-solutions and asymptotic
representation as ¢ 1 w for such solutions and its first order deri-
vatives. Results are similar to those obtained (see in [1])
for P,(Yp, Y1, Ao) -solutions in case Ao € R\{0,1}.

1. Bilozerova M.A., Chepok O.0O. Regularly Varying Solutions
of Differential Equations of the Second Order with Nonli-

nearities of Exponential Types. Reports of Qualitde. 2024; 3:
24-27.
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METO/I1 ITIOBY/JIOBU TA CTINKICTH PO3B’A3KIB
JIIHIMHUX PIBHAHDL I CUCTEM PIBHAHD
13 IPOBOBMU TTOXIJITHUMUI
Oubra O. Illyp ', Tammna I1. Jlonymancbka 2
JIbpBIBCBKMIT HaIOHAJIBHI yHIBEpCHTET iMeHI IBana PpaHka
JIbBIiB, YKpaina
e-mail: !shchuroliaa@gmail.com, 2 lhp@ukr.net

BukopucroByioun y3arajgbHeHHsI MeTOIy JIsmyHOBa PO
CTIHKICTEh PO3B’SI3KIB CHCTEM 3BHYANHNX NUdepeHIiaJIbHIX PiBHSIHD
3a MepIIMM HaOJMXKEHHAM Ha BHIAI0K JudepeHIiaJbHIX PIBHSIHD
i3 ipoboBuMu moxijHuMu |1, 2|, 3HalIEeHO JocTaTHI yMOBH CTIHKOCTI
HYJIbOBUX PO3B’F3KIB JIEAKUX CUCTEM PIBHSHDL i3 ApOoOOBUMU ITOXi-
gauMu. [lio Teopito 3acTocoBaHO 710 3HAXOMKEHHS JIOCTATHIX yMOB
criiikocTi ekoHOMIUHOT Mozesti CoJtoy.

3acrocoBytoun aHajor Meroay Eitjgepa 1mobymaoBu 3araJbHOTO po-
3B’sI3KY JIHIMOT OHOPITHOT CUCTeMU PiBHSIHB i3 1POOOBUMHI TIOXiTHU-
MU OJTHAKOBOI'O MOPsZIKY 1 cTasumu Koedinienramu [1], mepersopen-
u« Jlamtaca, mo0y1oBaHO pO3B’I3KM OKPEMUX TAKUX CUCTEM PiBHSAHbD,
a TakoxK po3B’a30k 3anadi Kol misa piBuanas Barmis-Topsika i3
MOXITHUMH PI3HUX IIOPsJIKIB, 3BIBIIN HOTO 0 CHUCTEMH PIiBHSIHBb i3
ITOX1JTHUMH OJJHAKOBOT'O JPOOOBOIO MOPAIKY.

1. Kai Diethelm. The analysis of fractional equations. An ap-
plications-oriented expositions using differential operators of
Caputo type. Lecture Notes in Mathematics. Berlin Hei-
delberg: Springer-Verlag, 2010.
DOI:10.1007/978-3-642-14574-2

2. Qian D., Li C., Agarwal R., Wong P. Stability analysis of
fractional differential system with Riemann-Liouville deri-
vative. Mathematical and Computer Modelling. 2010. Vol.
52, Issues 5-6. P. 862-874.
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ROBUST STABILITY FOR THE PDE-ODE SYSTEM
Taras V. Yusypiv
Taras Shevchenko National University of Kyiv
Kyiv, Ukraine
e-mail: taras.yusypiv@knu.ua

Let consider the following problem

{f;; = AN u— f(u) + B(@)o(t) + D(@)di(t), € Q, t >0,
ulgn =0,

d
dit’z— /G u(z, t)dz + da(t),

where €2 € R™ is bounded domaln, A is N x N matrix such that
TA+A) > I, u=u(z,t) = (ul,..,uV), v=10(t) = (v}, ..., 0M)
are unknown functions, B,D,G € L?*(Q) are given matrices of
corresponding dimensions, d; € L*>(0,00;RY) | dy € L>(0, 00; RM)
are incoming signals, and Vu,w € RN, y € RM |

fecl(RN RM), Fecl(RM ]RM)

N
> Fupu >V22!u !pl—cl,ZIf )77 <o Z\U [P+ 1),
1=1

=1

(Df(w)w, w)gn > —c3 - [w]2y, ZFi(wyi > valyllfar — ca,
i=1
vi,V9,Vs,C1,C2,C3,C4 are positive constants, p; > 2, ¢+ = 1,N. It
was found that this system has a global attractor which is stable in
the sense of local ISS, i.e. ||S4(t,20)|le < B(||z0lle,t) + Y(||d]|c) -

1. Kapustyan O.V., Yusypiv T.V. Stability Under Perturbations
for the Attractor of a Dissipative PDF-ODF-Type System.
Journal of Mathematical Sciences, 272, 2023, 236-243. DOI:
http://doi.org/10.1007/s10958-023-06413-1



CEKI[IS 2

TEOPISI UMOBIPHOCTEW
| MATEMATUYHA CTATUCTUKA



62 Bceeykpalucbka HaykoBa kKoHdepeniis DEDAL-2025

ON THE DISTRIBUTION OF A RANDOM
VARIABLE — THE PERIOD BETWEEN EARTHQUAKES
Iryna B. Bazylevych
Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: iryna.bazylevych@Inu.edu.ua

A sample of earthquake data from 1920 to the present is studied.

It was found that the period (in days) between earthquakes is
subject to a geometric distribution.

No single distribution parameter was identified during the study
period. Therefore, a breakdown of 1000 earthquakes was performed.

This is due to the fact that the density of earthquakes increased.

The calculations were performed in a programming language R.

1. Using R for Time Series Analysis // R in time series.

2. Francois B., Teber Kh., Brett L., Leeding R., Gimeno-Sote-
lo L., Domeisen D.I.V., Suarez-Gutierrez L., Bevacqua E.
Concurrent modes of climate variability linked to spati-
ally compounding wind and precipitation extremes in the
Northern Hemisphere. https://egusphere.copernicus.org/
preprints/2024/ egusphere-2024-2079/

3. USGS Scientific Research Results. https://www.usgs.gov/
programs/earthquake-hazards/earthquakes
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EKOHOMETPUYHE MOJEJJIFOBAHHS MITPALINHIX
IIPOIIECIB B OBJIACTAX YKPAIHU
Oaer M. Byrpiii! , Terana B. Kobuimacbka ?
Oxkcana T. XousiBka?
L3 JIpsiBcpkuii namionamsuuil yaisepcurer iveni Ipana ®panka
JIbBIiB, YKpaina
2 Jlepskapuuii yuipepcurer “PKnroMupcbka mosiTexHika”
Kurommp, Ykpaina
3 [ncruTyT nNpHK/IaIHIX IPO6IEM MEXAHIKH I MaTeMATHKH
imeni 51.C. Iligcrpuraya HAH Ykpainu
JIpBIiB, YKpaina
e-mail: ! oleh.buhrii@lnu.edu.ua, ?kebpua _ktv@ztu.edu.ua,
3 oksana.kholiavka@Inu.edu.ua

OnHUM i3 BaKJIMBUX YUHHHUKIB, IO 3yMOBJIIOIOTH 3MIHY YHCE/Ib-
HOCTi HaceJIeHHsI KPalHU Ta BIJIMBAIOTH HA HOT0 Mepepo3IOIiI MixK
OKPEMUMU PEerioHaMHu Ta HACEJEHUMHU IIyHKTaMH, HOro CTPYKTYypY,
KyJIBTYPHHUI Ta OCBiTHII piBeHb, € MeXaHIYHUN PyX HaceJleHHsS abo
Mirparisi.

Mirpariis € IiJKOM TPUPOMHUM, XO4Ya f JOCUTL CKJIAQJIHUM IPO-
IIecoM, sIKMI BayKKO MiJA€ThCS MeTOMaM IPSMOTO BIJIMBY, IPOTE
BUMAra€ IMOCTIfiHOT yBaru 3 OOKy Jep:KaBu, HOro BpaxyBaHHS IIPH
POBPODOIIi Iep2KaBOI0 eKOHOMIYHOI, COIiaabHOI, AeMorpaditHol, eTHO-
KYJIBTYPHOI Ta 30BHIIIHBOI HOJITHKH. 3 PO3BUTKOM JIIOJCTBA OCHOB-
HUM MIrpaIiiiHUM YWHHUKOM CTaBaB €KOHOMIYHUWI Ta COIaJIbHO-
KYJIBTYPHUI PiBeHBb KUTTS IHAUBIAYYMIB, 110 IPOXKUBAIOTH Ha IIEB-
Hifl TepuTOpii.

Ba gomnomororo ykpainomosHoro nakery nporpam GRETL (GNU
Regression Econometrics and Time Series Library) mposeaeno ama-
Jii3 Mirpariiifaux mporeci B Ykpaini o obsactsix. Hamu Bcranossie-
HO IIeBHI TapaMeTpH, fKi 3/1iiCHIOIOTh HAWOIIBITUI BILIUB Ha Mirpa-
MAHUNE TPUPICT HACEJIEHHSI.



64 Bceeykpalucbka HaykoBa kKoHdepeniis DEDAL-2025

MATHEMATICS OF TIME SERIES ANALYSIS
Rostyslav Hryniv
Ukrainian Catholic University
Lviv, Ukraine
e-mail: rhryniv@Qucu.edu.ua

The aim of this talk is to review some methods of linear algebra
and analysis that are effectively used for time series imputation and
forecasting.

In particular, we demonstrate various approaches based on the sin-
gular value decomposition and low-rank approximation of the deri-
ved progression matrix to single out the (possibly non-linear) trend
and seasonal and stationary components of the time series. The si-
ngular spectrum analysis then allows fitting the ARMA( p, ¢ ) model
to the stationary component.

Another example is an interesting application of the discrete
Fourier transform to recover missing time series values based on the
partially known frequencies.
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ON THE MIXTURE OF HIDDEN MARKOV MODELS
Andriy Yu. Drebot
Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: andrii.drebot.amts@lnu.edu.ua

Hidden Markov Model is a powerful tool for data analysis when
it comes to sequence data modeling. However, sequence data can
be generated by several underlying processes that are happening
simultaneously. That is, we can use the mixture of Hidden Markov
Models for better process modeling.

In this research, we introduce the process that can be viewed
as mixture of Hidden Markov processes. We consider the setting in
which any of such processes can share arbitrary part of hidden states
with any other process in the mixture.
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ITOBYJIOBA CYMIIII PIBHSIHb PEI'PECIN
Apocaas I. €aeiiko
JIbBiBCHKHIT HaIllOHAJIBHUIT yHIBepcuTeT iMeHi IBaHa PpaHKa
JIbBiB, YKpaina
e-mail: yaroslav.yeleyko@Inu.edu.ua

Ha piBusuus perpecii B ymMoBaX HEBU3HAYEHOCTI BarK/JIWBHUI BII-
JINB MA€ 30BHIITHE CEPEJIOBUIIIE, sIKE MOSICHIOE TaHy HEBU3HAUYEHICTD.
B rakomy Bumanky, mpu aHajizi BuOIpKM HEOOXiIHO BpPaxoBYBaTH
et ynaaUK. Bapro 3a3maunTn, mo B OiIBIIOCTI HOCTIAKEHD BILINB
30BHIIHBOIO CEPEJIOBHINA SIBHO HE BpaXoByeThesi. Y crartsax [1], [2]
JOCTJIZKYIOTBCS CYMIITT pO3MOJILIIB, ajle He BKa3ye€TbCs, 3BIJIKH ITi
CyMiIT BUHUKAIOTH. ¥ Il POOOTI IPOIOHYETHCS METO/T JOCIILIZKEHHS
CTATUCTUYHUX JIAHUX, Y AKUX BUHUKAIOTH TaKi CyMIIIIi.

Posriisinemo Bubipky 1,22, ..., Ty, 1 BiJIOMO, IO 30BHIIIHE cepe-
JIOBHUIIE OLUCYEThCs momiaMu Aq, As, ..., Ay, 9Ki yTBOPIOIOTH IIOBHY
rpymy nomapHo HecyMmicHux moxift. Ha meprmomy erami Buzmiisemo
CTATUCTHUYHI JaHi, siKi BiIIIOBIIal0OTh HACTAHHIO KOXKHOI 3 IIUX IIOJIii:
z(A1),...,x(Ap), Ta 3anncyemo piBusanus perpecii g(z(A4;)). Haui,
3a yMOBH, IO BUOIpKa € JOCUTHL BEJUKOIO, MOYKHA 3aIlUCATU PiB-
H?jn)m perpecii g(z(A41)),9(z(A2)),...,9(xz(A,)) . BpaxoByoun, mo
n(A;

— — pi , OTPUMYEMO CyMIIIl PErpeciii:

9(x) = prg(x(A1)) + pag(x(A2)) + ... + png(z(An)).

1. Maiboroda R., Miroshnychenko V., Sugakova O. Quanti-
le estimators for regression errors in mixture models with
varying concentrations. Bulletin of Taras Shevchenko Nati-
onal University of Kyiv. Physical and Mathematical Sciences.
2024; 78 (1): 45-50.

2. Maiboroda R., Sugakova O. Estimation and classification by
observations from a mizture. Kyiv: Kyiv University, 2008.
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AHAJII3 HOBUHHUMX CTATEN ITPO BITHY MI2K
VKPATHOIO TA POCIEIO
dApocnas I. €neiiko !, Aaron M. Hoc?
1.2 Ivan Franko National University of Lviv
Lviv, Ukraine

e-mail: ! yaroslav.yeleyko@Inu.edu.ua, 2anton.nos@lnu.edu.ua

Y cydacHomy cBiTi, fe iHdopMariiiHi BiitHM CcTaju HEBiT €MHOO
JaCcTUHOIO KOHMJIKTIB, aHa/i3 TOHAJBLHOCTI Ta MPOIAraHIyu IOIO0-
Mara€ BUSIBJIATH yIIepeKeHHsI Ta MaHimysadamil B memia. Lle cupusie
GOpMyBaHHIO KPUTUIHOI'O MUCJEHHS Y TPOMAJIsIH Ta IIiIBUIICHHIO
IXHBOI 3ATHOCTI PO3PI3HATH TpaBaAuBY iHOpMaIiio Bif ae3indop-
marii. OcobmBO aKkTyaJbHUM 1€ € B KOHTEKCTi BiftHu MixK YKpal-
voto Ta Pociero, jie 06’eKTUBHE BUCBITJIEHHS IOJIili MOYKE BILINBATH
Ha Mi)KHApPOIHY AYMKY Ta HOJITHYHI pilieHHS.

Jlist HaBYaHHS MojeJieil Oy oOpaHi HOBHHHI CTATTi 3 PI3HUX
JKepelI, 0 CTOCYIOThCsT BifitHU MixkK YKpainoio Ta Pociero. Byso 3i-
6pano Oimpmre 500 crareit 3 Memia-jKepes PISHUX KpaiH, 30KpeMa
Ykpaiuu, CIITA, Tloabmri, Binopyci Ta Pocil.

Y xomi gocimKeHHsT 0yJI0 BUKOHAHO aBTOMATU30BAHUI aHAJII3 HO-
BUHHUX CTaTell, MOB’si3aHuX i3 BiffHOIO MixK YKpainoio Ta Pociero.
BukopucroByroun MeTo U MaIlllMHHOTO HaB4yaHHsI, Taki sk TF-IDF i
SVM, a rakoxx API ChatGPT, BusHaueHO TOHAJIBHICTD Ta BUSIBJIEHO
IIporarafIy B HOBUHHUX CTATTAX 3 PI3HUX KpalH CBITY.

1. Devlin J., Chang M.W., Lee K., Toutanova K. BERT: Pre-
training of Deep Bidirectional Transformers for Language
Understanding. In Proceedings of NAACL-HLT. 2019. 4171-
4186.

2. Vaswani A., et al. Attention is All You Need. In Proceedings
of NIPS. 2017. 5998-6008.
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OIITUMIBAIIIA ITPOIIECY BUT'OTOBJIEHHA JIETAJIEN
3A JJOIIOMOT OO AHAJIITUYHUX TA IMITAIIINHUIX
MOJEJIEN BAMKHEHOI CUCTEMI MACOBOI'O
OBCJIVI'OBYBAHH{

Kocrautun FO. 2KepHoBuii
JIbBiBchKHIT HallioHa bHEE yHIBepcuTeT iMeHI Ipana Ppanka
JIbpBiB, YKpaina
e-mail: kostiantyn.zhernovyi@Inu.edu.ua
Bupobuwuiirso meBHOro TUIly jgeTaseil — e TPUBaJINi IpoIec CKiIaia-
HH$, IKWAH 3aBEPITYETHCSI KOPOTKUM IEPIOIOM BUIAJIIOBAHHS B TI€Yi.
OcCKiTbKY eKCIUTyaTalliiiHi BUTPATH T4l € BUCOKUMH, KiTbKa CKJIa-
JAJBHUKIB CITIJIbHO BUKOPUCTOBYIOTH OJTHY ITid, dAKa MOXKE BHIIAJIIO-
BaTH JIUIIE OJIHY JeTab 3a pa3. MeToro mboro JOC/IiI2KeHHST € BU3HA~
JeHHsT TaKOl KLJIBKOCTI CKIaJAJbHUKIB M , mo0 KoedillieHT 3aBaH-
taxkenusi reui K OyB makcuMasbHuM. OuTUMAajbHE 3HAYEHHS M
BU3HAYATUMEMO K HaifiMeHIle 3HAYEHHS, SKEe 3aJI0BOJILHSIE YMOBY
K > 0.990. /Igs mp0r0 MU pO3pOO/ISEMO aHAJITUYHY Ta iMiTaIliii-
HYy MOJIeJIi Ha OCHOBI 3aMKHEHOI CUCTEMU MACOBOTO OOCJIYTOBYBaHHSI.
BukopucToByoUun aHAJIITUIHY MOJIENH Ta iMiTaIifiHy MOJIeb ¥ cepe-
nosuni GPSS World [1], Mu gociijpKyemMo 3a/1e2KHICTh OINTUMAIbHOT
KIJIBKOCTI CKJIQJIAJIbHUKIB BiJl TAKUX apaMeTpiB: KoedinieHTiB Bapi-
anii V(X), V(Y) ra siguomenus p = E(Y)/E(X), ne X — gac
CKJIaJIAHHS JIeTajii, a Y — Yac BHUIAJIOBAHHsS JeTasii B medi. Bepu-
dikarito iMiTamitHol MomesIi 3/MICHIOEMO, TOPIBHIOIOYN PE3YJIbTATH

3 OTPUMAHUMU AHAJITUIHUM METOIOM.

1. Zhernovyi Yu. Creating Models of Queueing Systems Using
GPSS World. Saarbrucken: LAP Lambert Academic Publi-
shing, 2015.
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OOPMVYJIN AJId CEPEAHBOT'O YACY IIEPEXOIY
MIZK CTAHAMI MAPKOBCBKOI'O ITPOLIECY
SATUBEJII TA POSMHO>KEHH{

FOpiit B. 2KepuHosuii
JIbBIBCHKHI HalllOHAJBbHUIT yHIBepcuTeT iMeHI Ipana PpaHka
JIbBiB, YKpaina
e-mail: yuriy.zhernovyy@Inu.edu.ua

VY miit mpartii po3rsiIaoThCs MAPKOBCHKI IIPOIIeCcH 3arnberi Ta po3-
MHOXKEHHSI 31 CTaJUMU IHTEHCUBHOCTSMHU IEPEXOJIIB MiXK CYCITHIMUI
CTaHaMHU, K1 BOJIOJIIOTH €ProJINYHOIO BJIaCTUBICTIO. BuKkopucToByio-
91 BJIACTUBOCTI €KCIIOHEHIIaJIbHOTO PO3IO/ILTY, MUA OTPUMYEMO (HOp-
Mysn: 1) J7Ist cepeJIHbOrO Yacy IMepexojly 3i CTaHy i JI0 CTaHy j Ta
Ha3aJl, 31 cTaHy j 20 cTaHy i; 2) Jisi CePeIHBOrO Yacy nepedyBaH-
Hsl 11038 3aJ[aHUM CTAHOM i ; 3) JIJIsl CePeJIHBOTO Yacy, IIPOBEJIEHOIO
y rpymi crauis (0,...,7—1) jiBopyd Big crany i; 4) mist cepeHbo-
ro Jacy, IpoBeJIeHOro y rpyii cranis (i + 1,7+ 2,...) npaBopyd Bij
crany ¢ . lle mae 3mory orpumaru (pOpPMYyITH IS MATEMATHIHUX CIIO-
JiBaHb BUIIAIKOBUX BEJIMYUH: YAC JOCTYITHOCTI CUCTEMHU, TPUBAIICTH
nepioy saitasitocti (juist cucremn Eprianra 3 BijgMosamu i cucremu
3 WEproIo), Yac JI0 BIIMOBH, 9ac MixK BiMoBaMu (/1 MOJIeIIl HaTiii-
HOCTI BIJTHOBJIIOBAHOI CHCTEMH).

Oneprkani popMy/In MOKHA BUKOPUCTOBYBATH JIJIsI [IEPEBIPKY 1Mi-
raniifaux Mogzesiedi [1], cTBOpeHHUX Jyisi PO3PAXyHKY XapaKTEePUCTUK
PI3HUX CTOXaCTUYHUX CUCTEM i3 HEEKCIOHEHITIaJIbHUMU PO3TOJIiIa-
M.

1. Zhernovyi Yu. Creating Models of Queueing Systems Using
GPSS World. Saarbrucken: LAP Lambert Academic Publi-
shing, 2015.
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ON FELLER SEMIGROUPS FOR ONE-DIMENSIONAL
DIFFUSION PROCESSES WITH MOVING MEMBRANES
Bohdan I. Kopytko', Roman V. Shevchuk ?

! Ivan Franko National University of Lviv
Lviv, Ukraine
2 Lviv Polytechnic National University
Lviv, Ukraine

2

e-mail: 2 bohdan.kopytko@gmail.com, 2 r.v.shevchuk@gmail.com

We consider the problem of constructing a two-parameter Feller
semigroup associated with a certain one-dimensional inhomogeneous
Markov process and study its properties. We are interested in the
process on the real line, which can be described as follows. At the
interior points of the half-lines, which are separated by a point whose
position depends on the time variable, this process coincides with
the ordinary diffusion processes defined there. Its behavior on the
common boundary of these half-lines is determined by a kind of
general Feller-Wentzell conjugation condition (see [1]).

The problem is studied using analytical methods. With this ap-
proach, the problem of the existence of the desired semigroup leads to
a corresponding nonlocal conjugation problem for a second order li-
near parabolic equation of Kolmogorov’s type. The peculiarity of this
problem is that the half-bounded domains on the plane, where the
equations are considered, are curvilinear. Furthermore, the functi-
on of the time variable, which determines the common boundary
of these domains, satisfies only the Holder condition with exponent

1
greater than 3.

1. Kopytko B., Shevchuk R. One-dimensional diffusion proc-
esses with moving membrane: partial reflection in combi-
nation with jump-like exit of process from membrane. Elec-
tronic Journal of Probability. 2020; 25 (41): 1-21.
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CRITICAL BRANCHING PROCESSES WITH IMMIGRATION
Taras B. Lysetskyi
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Consider a sequence of branching processes given by
AR ZjZ:’(“;)l e+, i=1,2,
where {{ﬁfz),j, k € N} is a sequence of i.i.d. r.v.’s with mean p,, and
variance o2 ; {h,(cn),k; € N} is a sequence of i.i.d. r.v.’s with mean
An and variance b2 . We assume that Z(()n) =1 forall n € N and
that sequences {557;2} and {h;n)} are independent. We also assume
that p, -1, n — 00.

Consider random stepwise function Z,(t) = Z[(Z)} . It is well known
[1], that if yu, = 1+240(2), n — oo for some o € R, b2 — b3 > 0,
and 02 — o2 > 0, then Z,(t)/n converges weakly to diffusion
process in Skorokhod space DI[0;+c0). If 02 — 0, then Z,(t)/n
converges weakly to some nonrandom function in D[0; +00) .

It was also proven [2], that if for some o < 0, p, = 1—|—ﬁ+o(i) ,
dp, — 00, nd, — 00, Ay = A >0 and 0?1 — 0, then Z,(t)/d, —
|| =1\ in probability for every ¢ > 0. We consider a similar case, but
with o2 — 0(2] > () and prove pointwise convergence in distribution
to the limit process which does not depend on t.

1. Ispany M., Pap G., van Zuijlen M.C.A. Fluctuation limit of
branching processes with immigration and estimation of the
mean. Adv. Appl. Probab. 2005; 37: 523-528.

2. Khusanbaev Ya.M. Convergence of a sequence of nearly criti-
cal branching processes with immigration. Theor. Probability
and Mathematical Statistics. 2015; 90: 201-205.
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HABJIM?KEHUIT METOJ MAKCUMAJIbHOI
BIPOTTJTHOCTI JJIA OIIIHFOBAHHA JIBOITOPOTI'OBOT'O
[TPOLIECY OPHIITENHA-YJIEHBEKA
Amnaroaniii B. Hikitin !, Cepriii A. Heuunopyxk 2
1.2 Harfionamsamit ynipepcurer “Ocrpospka akajemis”,
Ocrpor, Ykpaina
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JIBOpeKUMHU TBOIIOPOTOBUIA IIPOIEC MOJEIOE CUCTEME 3 PI3HOIO

JIMHAMIKOIO IIPH JOCSITHEHH] IIEBHUX IIOPOTiB. 3alIPOIIOHOBAHO HAOJIN-
JKEHUH MEeTOJ], MAKCUMAJIBLHOT ITPABIONO/IIOHOCTI JIJTsT OIiHIOBAHHS TIa-
pameTpiB Takoro Judy3iifHOro MpoIecy 3a JIUCKPETHUME CIIOCTEpe-
xeuusmu. Meros 6a3yeTbecs Ha arpokcuMariii sorapudmMidaol GpyH-
KII [paBAooMiOHOCTI JJIst MiABHUINEHHS CTablIbHOCTI OOYHC/IEHb
IIJISIXOM JucKperu3alil mojesi 3a cxemoio Eitnepa. Monens rpyn-
TyeThest Ha mporieci Opairreiina- Yienbeka (O-Y), 3aganomy cToxa-
CTHYIHUM aubepeHIiaJ bHuM PIBHIHHAM

dX; :(9</L—Xt) dt + o dW, (1)
ae 6 — mBUAKICTD MOBEPHEHHS [0 CepPeaHbOrO PIBHA [4; O — iH-
TeHCUBHiCTL mymy; Wi — mponec Binepa. dudepenniroBanust dpyH-
KITil MpaBIOoOMiOHOCTI JAJ/I0 CHIBBITHOIIEHHsT JJIsT OIIHOK Iapame-
TpiB apeiidy, nudysil Ta noporis [1].

IIponec O-Y Mae pisHi XapaKTepUCTUKU 3aJIEXKHO B/l IOJIOXKEHHS
IIOTOYHOTO 3HAYEHHsI BIJIHOCHO IIOPOTIB 71 1 7T9: HUXKYE IIEPIIOro
ITOPOTY, MiK IOPOraMM 9H BHIIE JPYTOro IOPOTY.

AJIrOpUTM OIIHIOBaHHSI IMOYMHAETHCA 3 IOYATKOBUX HAOJINYKEHb
IJIg 71 Ta To 1 HA KOXKHIl iTepallil OHOBJIIOE MexKi Jlialla30HIB Ta I1e-
PEOIIIHIOE MapaMeTPH KOXKHOI'O PEXKUMY 38 METOIO0M MaKCHMAJIbLHOI
MIPAaB/IOMIOAIOHOCTI JI0 JTOCATHEHHS 301KHOCTI.

1. Tsai H., Nikitin A.V. Threshold models and approximate
maximum likelihood estimation of Levy processes. Cyberne-
tics and Systems Analysis. 2024; 60.
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This paper provides a model to describe the interaction between
employment and automation in the technological labor market. The
system is represented by:

Clu,x) = (a(x) —b(z)A(t) —c(z)N(t) 0 ) e (N(t)) .
e(x)A(t) —d(z) A(t)

To incorporate stochastic effects, we extend the model by allowing
its parameters to depend on a rapidly switching Markov process.
To simplify analysis, we apply the classical averaging approach [1],
which replaces fast fluctuations with their expected values under the
stationary distribution of the process.

The resulting model provides a approximation that captures the
long-term behavior of the original system. Numerical experiments
confirm that it replicates the main dynamic trends and offers a
practical framework for analyzing employment and automation in-
teractions under structured stochastic variability.

1. Korolyuk V.S., Limnios N. Stochastic Systems in Merging
Phase Space. World Scientific, 2005. doi:10.1142/5979
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IMPO MOJEJIT BPOYHIBCBKOI'O PYXY B CEPEJIOBUIIII
3 HATIIBITPO30OPOKO MEMBPAHOIO
Anppiit ®. HoBocsiio
JIbBiBCchKHIT HallioHa/IbHII yHIBepcuTeT iMeHi IBana Ppanka
JIpBIB, YKpaina
e-mail: nandrew183@gmail.com

Hexait va 3ajaHiil rinepruionuai S, sKa OPTOrOHAJIbBHA (DiKCOBa-
HOMy OpTy V B d-BUMipHOMY eBKJioBoMy mpoctopi RY, d > 2, To-
90K & = (21,...,Tq) 3a1aH0 OOMeKeHi Ta HerepepsHi 3a [esbiepom
dyukuii: ckanspaa dyskiisa g : S — [—1, 1], BekropHO3HAUHA DYH-
Kiig « : S — S ta oneparoprosnauna dynkiia [ : S — £(5) (ue-
pe3 £(S) mosHauaeThCs CYyKYIHICTD BCIX JIHIRHUX omepaTopis 3 S B
S). HonarkoBo npuiyckaemo, o omneparop (3(z) € cuMeTpudHuM,
JOJIATHO BU3HAYEHUM 1 PIBHOMIPHO HEBUPOKeHUM. B momoBimi mo-
Ka3y€eThCsl, K 3a JIOIOMOIOI0 METOJMKY, PO3BUHEHOI B pari [1], mo-
JKHa TIOOyIyBaTHU y3arajJbHeHui nudy3iiinuit mporec (x(t)) >0 B R?
3 marpuneo qudysil [ + f(x)ds(x) (I — omuHnmuHa MaTpuIs) Ta
BekTopoM nepetocy (vq(z)+ a(x))ds(z), z € RY, e dg(z) — y3a-
rajibHeHa (QYHKITS HA R? | nist sikol Ha pobHY PYHKIIIO 3BOIUTHCS
JI0 iHTerpyBaHHSI OCTaHHBOI 110 Tinepmtoniuai S . Came 1eit mporec i
MOKHA PO3IVISIATH SIK MOJIENb O6poyHiBCbKOro pyxy B R? | na sxumii
Jiie MeMOpaHa B TOYKaX TiIepIuionuau S, IPUIOMY HAIIPSIMOK Jiil B
Touni x € S 36iraeThbes 3 HanpsaMKoM BekTopa vq(z) + o(z). Leii
TUII MEMOPaH XapaKTePU3yEThC TaKOXK THUM, IO YaCTUHKA ‘BCTUTa~
€’ B3aTH y4acThb y audysil mo membpani. OyHKINS ¢ TPaKTYeThCS
sIK KoeiIlieHT mpo30pocTi MeMOpaHm.

1. Kopytko B.I., Portenko M.I. Siz lessons on the theoty of di-
ffusion processes. Theory of Stochastic Processes. 2024; 28
(44) (2): 39-75.
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In order to identify the relationships between the severity of the
disease and various factors (a total of 77 indicators), data from
a survey of parents of 70 preschool children (3-7 years old) with
psychomotor development disorders, as well as parents of practically
healthy peers, were processed. Children were divided into groups
depending on neurological nosology, a separate control group consi-
sted of practically healthy children: 30 children with SPD, 17 chi-
ldren with ASD, 13 children with ADHD/ADHD, 10 children with
MMD, and 20 children with practically healthy children.

The collected statistical data related to the groups: features of
children’s eating behavior, obstetric history, nature of feeding at
an early age, frequency of diseases per year, parameters of physi-
cal development, levels of total calcium, magnesium, and iron in the
blood serum of children with diseases.

Comprehensive data analysis included: correlation analysis,
Mann-Whitney U-test and cluster analysis. The elbow and silhouet-
te methods were used to calculate the number of clusters. Clustering
was performed using the k-means method.

A close relationship has been found between the levels of such
trace elements as iron, calcium and magnesium in the blood and the
severity of the disease.

Based on the knowledge obtained, a predictive fuzzy logic model
of the influence of the levels of the listed trace elements in the blood
serum on the severity of the disease has been proposed.
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When constructing a fuzzy logical model, data blurring was per-
formed (construction of linguistic terms), membership functions were
constructed, and a knowledge base was formed (fuzzy logical rules).

1. Rybytska O., Dronyuk I., Pushnyk A. Uncertain model for
classification of children’s neurological diseases // CEUR
Workshop Proceedings. — 2024. — Vol. 3609: Proceedings
of the 6th International conference on informatics & data-
driven medicine IDDM 2023, Bratislava, Slovakia, November
17-19, 2023. — P. 229-240.

2. Pushnyk A.I., Nyankovskyy S.L. Nutrient support for pre-
school children with psychomotor disorders. Child’s health.
2023; 18 (1): 35-43. doi: 10.22141/2224-0551.18.1.2023.1555
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ON IMPULSE RESPONSE FUNCTION
Iryna Rozora'!, Anastasiia Melnyk 2
1.2 Taras Shevchenko National University of Kyiv
Kyiv, Ukraine
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This work estimates a linear time-invariant system’s impulse res-
ponse (IRF) H(7) on [0,A]. The IRF characterizes system dyna-
mics and has applications in signal processing and control theory.
For a linear system, the input-output relation is:

A
Y(t) = /0 HDX (- 1) dr,

where H(7) is the IRF and A the integration limit. We estimate
IRF wusing input-output cross-correlation from single observations
under Gaussian noise. The nonparametric estimator:

T
A = % /0 Y (8) X (t — 7) dt

uses observed signals Yy (t), Xn(t) over time 7. The estimator
proves asymptotically unbiased and consistent. We develop good-
ness-of-fit tests to verify IRF accuracy. R simulations validate the
method, determining thresholds for sample size and averaging in-
tervals, enabling precise nonparametric analysis of time-invariant
systems.

1. Kozachenko Y., Rozora I. On statistical properties of the esti-
mator of impulse response function. Stochastic Proc., Stati-
stical Meth., Engineering Math. 2023; 408: 563-586.

2. Rozora 1., Melnyk A. Statistical Estimation and Hypothesis
Testing on Impulse Response Function. Austrian Journal of
Statistics. 2025; 54 (1): 200-213.
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CONTROL PROBLEM FOR A DIFFUSION PROCESS
IN A POISSON SCHEME WITHIN
A SEMI-MARKOV ENVIRONMENT
Yaroslav M. Chabanyuk ', Anatolii A. Nikitin?,
Uliana T. Khimka 3
L3 Ivan Franko National University of Lviv, Lviv, Ukraine
! Lublin University of Technology, Lublin Poland
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The transport process y(t) is defined by the equation [1]:
dy(t) = C(y(t), x(t)) dt + dn(t,u(t)), (1)

where n(t,u), t > 0, is an impulse disturbance process, which in
the Poisson approximation scheme is defined by the relation [1]

n(t,u(t)) = / n(ds, =(s),u(s)) ds,

u(t) € R? is a control function and z(t) is a semi-Markov process
[1]. Let the quality criterion of control w(t) for the transport (1) be
defined by the function G(y,x,u) with a unique point w*, where
G(,-,u*) = minG(-,-,u) . Consider stochastic optimization proce-
dure for control function u(t) in the form [1]:

du(t) = a(t)Vu Gy(t), (1), u(t)) dt, (2)
where a(t) is the learning rate and ((t) is a difference scheme step.
Sufficient conditions for weak convergence of problem (1), (2) to the
diffusion process have been obtained.

1. Chabanyuk Y., Nikitin A., Khimka U. Asymptotic Analyses
for Complex Evolutionary Systems with Markov and Semi-

Markov Switching Using Approximation Schemes. London:
Wiley Online Library, 2020.
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Lets consider a stochastic evolution system in an ergodic Markov
environment given by the evolution equation [1]

dy*(t) = Oy (t), 2(t/%)) dt + e alt, u* (1)) No(t) dt, (1)

where y*(t) € R? is a solution, a(t,u) € C(R>q, R) represents
the size and effect of the jump at time ¢ and wf(t) € R? is a
control function. Control function u®(t) for equation (1) is defined
by the quality criterion J(y,u,z) € C>?9(R4, R?, X), that has uni-
que extremum (we will consider infinum for the sake of simplicity)
for each value of process y and for each state = of the Markov
process x(t) at interval [t;,¢;+1). Consider stochastic optimization
procedure for control function u®(t) in the form [1]:

du®(t) = a(t)V g J (y° (1), u”(t), z°(t/e(t))) dt, (2)
where a(t) is the learning rate and S(t) is a difference scheme step.

In this case limit process (y(t),@(t)) for control problem is defined
by the stochastic differential equations.

1. Chabanyuk Y., Nikitin A., Khimka U. Asymptotic Analyses
for Complex Evolutionary Systems with Markov and Semi-

Markov Switching Using Approximation Schemes. London:
Wiley Online Library, 2020.
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Posrisiaerbest ctoxacTudaHa eBosorisa uf(t) B eproJudHoOMy Ma-
PKOBCBKOMY CEPEIOBHIII ¥ cxeMi quy3iifiHOT alrpoKCUMAIIil 3 MaJIiM
mapaMeTpoM cepiit €, 110 3aJa€ThCS €BOJIIOIINHUM PiBHIHHIM:

duf (t) = C(uf (t), 2(t/2))dt + e La(t) Ny (H)dt, w(t) € R, (1)

ne a(t) € C(R) upezacrapise po3mip i edeKkT cTpHOKa B MOMEHT
gacy t, z(t), t > 0 eproguuHuii MApKOBCHKUIl IIPOIEC B CTAHAAD-
tHOMY bazosomy npocropi (X, X) [1], Nz(t) ~ KOMIIEHCOBaHMUH JIi-
YUIBHUI IyacCOHIBCbKUIA mporiec KijbKocTi momiit 1o gacy t [2].

OTpuMaHO CHUHTYJISIDHE Ta ACUMIITOTUYIHE IIPEJICTABJICHHS TeHe-
paropa JBOKOMIIOHEHTHOI'O MapKOBCHKOI'O IIPOIECY (:L'(s%), N, (1)) .
JloBemeHO TeopeMy TPO BUIVISM, TPAHUYHOIO TeHEpPaTopa IIPOIIECY,
pPO3B’sI3yt0un IPOOJIEMY CHHTYJISIPDHOTO 30YpEeHHsI JIJisi OTPUMAaHOTO
CHUHTYJISIPHOTO IIPEJICTAB/IEHHS NeHEPATOPA.

1. Chabanyuk Y., Nikitin A., Khimka U. Asymptotic Analyses
for Complex Evolutionary Systems with Markov and Semi-
Markov Switching Using Approxzimation Schemes. London:
Wiley Online Library, 2020.

2. Semenyuk S.A., Chabanyuk Y.M. Stochastic evolutionary
system with Markov-modulated Poisson perturbations in the
averaging schema. Mar. cryzii. 2024; 62 (1): 102-108.
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Consider stochastic approximation procedure (SAP) for a diffusi-
on process with semi-Markov switching [1] for ST model:

% = a(Ol-Bx ¥ + o1(S - § )i,
4 = al®)BxF + o2l — I)w)),

where S = 0.2 is a transmission rate that describes the speed of
spreading of the epidemic, P = 720000 is a population, I =1 is

(1)

an initial infected population, S = 719999 is an initial suscepti-
ble population, ¢ = 10000 is a time. Here, u/l,w/2 denote mutually
independent standard Wiener processes, 0',1 and 0/2 indicate noises
for susceptible and infected populations, respectively. x = 5+ X,
where X is a semi-Markov process and G(t) is a uniform distri-
bution. G(t) could have another distribution, but should satisfy
the Crammer condition [1]. In (1) a(t) =1/(t+1) [1].

Numerical calculations of procedure (1) converge to the equilibri-
um point of the system. SAP for the SIR model is also considered,
taking into account changes in coefficients with semi-Markovian swi-
tching.

1. Chabanyuk Y., Nikitin A., Khimka U. Asymptotic Analyses
for Complex Evolutionary Systems with Markov and Semi-
Markov Switching Using Approzimation Schemes. London:
Wiley Online Library, 2020.
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POBI‘JIHHGMO MaTpUYIHE piBHHHHH Bi,HHOBJIeHHH
XE(t) = A(t) + F= % X5(t),

e Xe(t) — cimeiicTBo mrykanux mMarpuanux Gy, A(t) — ci-

MEHCTBO 33/[aHUX HeBi'eMHUX MaTpudHux QyHKMii, F°(dt) — ci-

MEHCTBO MATPUIHUX CKIHUEHHUX iHTerpajbHux Mip Ha [0;00) .
Oyukuis Fe(dt) moxke 6yTu npejicTaBieHa y BUTTISI:

F*=F+gi(e)B+ ga(e) B>+ -+ + gn(e) B" + 0(gn(€)),

ae By, Bs, ..., By —marpuui, gi(€) =0, g2(6) =0, ..., gn(e) =
0 upu € = 0.
Hexait X¢(t) — cimelicTBO MapKOBCHKUX HPOIIECIB i3 Hemepeps-

HUM YacOM Ta CKIHYEHHOIO KUIBKICTIO cTaHiB 1,2,...,n, npudomy
X¢(t) - X(t) upu € — 0. Taxox mexait & (t) — mporec i3 Hesase-
JKHEME npupoctamu, jge t >0, £5(¢) >0 ys i =1,2,....n.

JList iporiecy BUBeIeHO HGaraToOBUMIipHE PIBHSIHHSA BiIHOBJIEHHS.

1. Yarova O.A., Yeleyko Ya.l. Limit theorem for multidimensi-
onal renewal equation. Cybernetics and System Analysis.
2022; 58 (1): 144-147.

2. Nishchenko L.I. Transition phenomena for many-dimensio-
nal renewal equation of special kind. Theory of Stochastic
Processes. 2000; 6 (22) (1-2): 107-115.
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FINANCIAL PROPOSALS MODELING
BASED ON A MULTIVARIATE TIME SERIES
Maksym Azarov
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The current state of financial markets strongly depends on Al
(artificial intelligence) involvement in the decision-making process
and risk assessment. The ability to quickly respond to market chan-
ges, in most cases, plays a critically important role. That is why it
is very important to study and model financial offers for a better
understanding of how to analyze them. In general, a model of a fi-
nancial offer can represented as X (X; € R™: a vector of multivari-
ate input financial indicators) and Y ( R; € R™ : a vector of financial
offers such as credit limit, recommended portfolio investment, and
deposit rate) at the moment ¢ [1, 2|.

For example, four financial indicators: inflation: :1;11 ; interest rate:
3

(2
The goal is: Y1 = f(Xy—k+1,...,X¢), where: h is a forecast

horizon, f is a financial offer prediction function (model).
Considered approaches: VAR, LSTM/GRU for multivariate

time series (MTS); Temporal Fusion Transformers (TFT); Bayesian

Structural Time Series (BSTS) and Reinforcement Learning.

z?2; index return:

; ; customer transaction activity: x? and so on.

1. Shaikh S.A. Some observations on contemporary financial
proposals. International Journal of Ethics and Systems. 2023;
39 (2): 464-480.

2. Geyer-Klingeberg J., Hang M., Rathgeber A. Meta-analysis
in finance research: Opportunities, challenges, and contem-
porary applications. Inter. Review of Finan. Anal. 2020; 71.
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The process of reproduction and mortality in a population consi-
sting of individuals of two sexes — female and male — are considered.
The numbers of females and males are described by the random vari-
ables X (t) and Y'(¢), respectively. It is assumed that the reproducti-
on rate is . The probabilities of natural death of a female and a
male are u, p/, respectively. The probabilities of violent death of
a female and a male are s, s/, respectively. And the ratio of the
number of females to males at birth is 1%; . Let the initial numbers
of females and males at time ¢t =0 be a and b, respectively.

Using the results [2|, expressions for the expected of the numbers
of females and males were obtained. In order to maintain the popula-
tion size at its initial level, the external influence, represented by the
probability of violent death, must satisfy the following conditions:
Bp — LN w ’
1—2u 2ur — 1
pw<0,5, Bp>p, w>0,>5.

S —

1. Allman E.S., Rhodes J. Mathematical Models in Biology. UK:
Cambridge, University Press, 2004.

2. Bapabam I"M., €pemenko FO.I1. Jlocaidorcernts 308HiwuHb020
eénausy na npouecy, posmmooicenns. Canada: XI Mixkuapo-
JIHA HAyKOBO-TIpakTu4IHa KOoHD. “Innovative development of
science, technology and education”. 2024. 169-171.
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CREATION OF UKRAINIAN DATASET FOR OCR TESTING
Pavlo Berezin
National University of Kyiv-Mohyla Academy
Kyiv, Ukraine
e-mail: pavlo.berezin@gmail.com

The main challenge in developing of Ukrainian-language recogniti-
on models is the lack of a large dataset. This issue is especially acute
for handwritten text, as there are practically no annotated datasets
of this type in sufficient size. Researchers are trying to solve this
problem using synthetic datasets. Authors do not have real-world
data to verify their models’ results, so they use a portion of their
own data for testing.

The dataset’s basis is “Collective Letters to Andrey Sheptytsky
with Congratulations on Name Days and Jubilee Dates. Volume XI”,
a scanned collection of handwritten letters in Ukrainian. The letters
were scanned at high quality, 200 dpi, within the recommended text
recognition range.

This dataset needed to be annotated first, as the archive preserved
letters only in scanned format. To reduce the amount of manual
labor, the data underwent preliminary processing. The pipeline had
a high error rate, so the data was manually annotated afterwards on
the CVAT platform.

As a result, a set of handwritten data was obtained that can be
used for testing Ukrainian-language text recognition models. The
final dataset includes 330 images, with 5451 bounding boxes and
transcribed text defined for each line of text.

o y 8 o
TERTEAEE) : /
o y éé s shUL ,/7///1.74 CINELALULLLLLS
o ° °
/

' /
Heuw qﬁ/izma RACANU
/

Puc. 1. Data sample.
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CLARITY PRINCIPLES: ELIMINATING VISUAL NOISE
FOR IMPACTFUL DATA STORYTELLING
Taras M. Bokalo !, Oleksandra V. Sendriy 2
1.2 Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: ! taras.bokalo@lnu.edu.ua,
2 oleksandra.senrdiy@Inu.edu.ua

There is a story in your data, but your tools don’t know what
it is. That story is not just discovered, it is designed. This thesis
presents a practical, design-focused framework for eliminating clut-
ter and focusing on signal in data visualization. Through six essenti-
al steps (|1]) — understanding the context, choosing an appropriate
visual display, eliminating clutter, focus attention, thinking like a
designer, and telling a story — we explore the transition from raw
data to compelling communication. Drawing upon Gestalt principles,
preceptive attributes, and design thinking, this approach enables
analysts and communicators to transform exploratory analysis into
explanatory visuals that guide the audience, reduce noise, and clarify
insights.

1. Understand the Context: Begin with exploratory analy-
sis to learn what the data says. Then shift to explanatory
analysis to frame that insight for a specific audience. Ask:

e Who is the audience?
e What do we want them to know or do?
e How can data support that?

2. Choose the Right Visual Display: Use simple, familiar
charts. Most messages can be clearly communicated using
bar, line, or scatter plots.

3. Eliminate Clutter: Reduce noise by removing unneces-
sary elements. Use Gestalt principles — proximity, similari-
ty, enclosure, closure, continuity, and connection — to group
related data and simplify perception.
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4. Focus Attention: Use preattentive attributes such as si-
ze, color, and position to draw the viewer’s eye to the most
important parts. Be intentional and avoid overuse.

5. Think Like a Designer: Create a clear visual hierarchy.
Keep it clean, legible, and easy to interpret. If it’s confusing,
people will blame themselves — not the graph.

6. Tell a Story: Use visuals and supporting text to guide the
audience. Label clearly, highlight key points, and build a
narrative that connects data to decisions.

Communicating with data is not a technical exercise, it is a craft.
By understanding context, intentionally designing and telling a story,
we can remove noise and reveal the signal. This thesis offers a repli-
cable framework for doing just that, enabling analysts to create data
visualizations that not only look good, but also work powerfully to
inform, persuade, and drive action.

1. Knaflic C.N. Storytelling with Data: a Data Visualization
Guide for Business Professionals. John Wiley and Sons, Inc.,
Hoboken, New Jersey, 2015.

2. Maheshwari A.K. Business Intelligence and Data Mining.
Made Accessible. Anil K. Maheshwari, Ph.D., 2015.
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EFFICIENT TRANSFORMER-BASED TRACKING
FOR EDGE DEVICES
Vasyl Y. Borsuk
Lviv Polytechnic National University
Lviv, Ukraine
e-mail: vasyl.y.borsuk@Ipnu.ua

Visual object tracking aims to locate a target in video frames
given its initial position and is vital for applications such as robotics,
surveillance, and autonomous navigation. While transformer-based
trackers have shown strong performance, their high computational
cost limits their deployment on resource-constrained edge devices.

To address this, we build upon the efficient HiT [1] (Hierarchi-
cal Transformer for Tracking) framework and propose a lightweight
extension that incorporates multimodal data - specifically natural
language descriptions - via parameter-efficient adapters. These ada-
pters are integrated into the transformer’s attention layers, allowing
the model to leverage text cues for enhanced target understandi-
ng without significant overhead. This multimodal fusion improves
robustness in challenging scenarios, such as object occlusion, clutte-
red backgrounds, or appearance ambiguity. Our approach preserves
the real-time capabilities of the original HiT model while introduci-
ng minimal additional computational cost, making it suitable for
deployment on edge devices like the Nvidia Jetson AGX.

1. Kang B., Chen X., Wang D., Peng H., Lu H. Fxploring li-
ghtweight hierarchical vision transformers for efficient visual
tracking. In: Proceedings of the IEEE/CVF International
Conference on Computer Vision. 2023. 9612-9621.
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ASSETS CORRELATIONS AND EFFICIENT FRONTIER
Anton M. Bryk', Kostiantyn A. Tchervinka 2
1.2 Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: ! anton.bryk@Inu.edu.ua
2 kostiantyn.tchervinka@Inu.edu.ua

The problems of finding an optimal portfolio remain highly impor-
tant today because they directly impact how to manage risk, allocate
capital, and pursue returns in a complex and uncertain financial
environment. The investigation of optimal portfolio problems has a
lot common with both data analysis and mathematical modeling. For
instance historical returns and covariances are estimated using time
series data, techniques like regression or factor analysis are used to
understand asset behaviors and dependencies, the Markowitz model
minimizes portfolio variance subject to return constraints.

In the Markowitz Modern Portfolio Theory framework, the effi-
cient frontier represents the set of optimal portfolios that offer the
highest expected return for a given level of risk, or equivalently, the
lowest risk for a given level of expected return. This study exami-
nes how asset correlations impact the shape of the Markowitz effi-
cient frontier. Asset correlations play a central role because they
directly influence portfolio risk (variance) through the effects of di-
versification. When the z-axis represents portfolio risk (standard
deviation) and the y-axis represents expected return, the effici-
ent frontier bends leftward as the average correlation among assets
decreases from 1 to —1, reflecting improved diversification. To model
this behavior in the case of more than two assets, the Monte Carlo
method is employed.

1. Markowitz H. Portfolio Selection. Journal of Finance. 1952;
7 (1): 77-91.
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COMPLEX NETWORKS APPLICATIONS IN DATA SCIENCE
Khrystyna Buhrii
Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: khrystyna.buhrii@lnu.edu.ua

Traditional tabular data storages can not handle high-dimensional
and interconnected data efficiently, which is one of the challenges of
the data science. Complex networks allow modeling the relationshi-
ps and interactions within the structured data, uncovering hidden
patterns in data, and therefore have multiple applications. We use
complex networks to study epidemiologic models with vaccination
strategies [1]|, and rumor spread models, and they can also serve as a
basis for Graph Neural Networks (GNNs) and some recommendation
systems.

Since real-world complex networks are known to be non-random,
we describe an algorithm that generates synthetic network with the
following properties: scale-free distribution (the presence of hubs
in the network), small world property (small average length of
the shortest path between nodes), tightly connected communities
(high clustering coefficient and high transitivity). We provide an
implementation of the described algorithm via Python programmi-
ng language.

1. Buhrii Kh., Golovaty Yu. SIR Models on Complex Networks
and Impact of Vaccination. 2023 IEEE 13th International
Conference on Electronics and Information Technologies,
ELIT 2023 — Proceedings, 2023. — P. 37-42.
http://dx.doi.org/10.1109/ELIT61488.2023.10310758



92 Bceeykpalucbka HaykoBa kKoHdepeniis DEDAL-2025

SYMMETRIC PROBLEM FOR THE
PARTICLE CHAIN ON THE LINE
Andriy Ya. Vus
Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: andriy.vus@lnu.edu.ua
A onedimensional model of many particle system is investigated

for the nearest neighbor interaction. The dynamics of a closed’ chain
is described by the Hamiltonian:

H = ZpZ + Z Ve, — ziv1) (Tpe1 = 1), (1)

and of a "broken’ (non—perlodlc) — Hamiltonian:

H = sz + Z V - xz—i—l (2)

For both these systems for 4 or 5 particles, they can be located
symmetrically with respect to the origin. After choosing also sym-
metric initial conditions, the Hamiltonian takes the common form

H* Zp% —i—p% + 2V(x2 — .%'1) + Vl(acl) + Vg(xg).

The properties of interaction potential V are considered under
assumption that the corresponding reduced system has the first
integral, polynomial of prescribed degree in the momenta. The functi-
onal equations for those potentials are obtained. The nonexistence
of their nontrivial solutions is proved for interaction potentials vani-
shing at infinity.

1. Perelomov A.M. Algebraical approach to the solution of one-
dimensional model of N interacting particles. Theor. Math.
Phys. 1971; 6: 263-283.
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FEATURE ENGINEERING FOR PREDICTING
QUANTITATIVE CHARACTERISTICS OF AIR POLLUTION
Volodymyr Hura
Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: volodymyr.gura@Ilnu.edu.ua

Formalisation of air pollution prediction using feature engineeri-
ng via Fuzzy Logic enables improved accuracy of machine learning
models. This approach involves creating physically relevant features
such as atmospheric stability class.

Formalisation Steps

1. Input Data: Time-series data D = {(t;, m;,p;)},, where
t; is time, fm; is a vector of meteorological variables (wind speed
U , solar radiation S, cloud cover C', temperature T, humidity H ,
pressure P, etc.) and temporal proxies (hour, day, month), and p;
is the measured PM2.5 concentration.

2. Feature Engineering (Stability Class FIS): A fuzzy in-
ference system (FIS) maps the meteorological input to the Pasquill
stability class SC'.

Inputs: U, S, C'.

Output: SC € {A,B,C,D,E,F}.

Rules: IF-THEN rules based on the Pasquill criteria [1], e.g., IF (U
is low AND S is high) THEN (SC is A).

Process: Fuzzification — Inference — Defuzzification yields sc¢; for
each t;.

1. Pasquill F. Atmospheric diffusion: The dispersion of wi-
ndborne material from industrial and other sources. 1962.
D. Van Nostrand Company.
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SYMMETRIC ALGEBRAIC CIPHER
Oleg Gutik ', Olha Popadiuk?, Vitaly Vlasov?
1,23 Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: ! oleg.gutik@lnu.edu.ua, 2olha.popadiuk@Inu.edu.ua,
3 vitaly.vlasov@lnu.edu.ua

Suppose A is the alphabet, L = |A| is alphabet size, and V a; €
A we have a mapping a; — 7.

We propose a following cipher algorithm in which every symbol 2z
is modelled as a combination of another two symbols z,y:

z— (x,y): r—y=2 mod L.

A random permutation o acts as a secret key and is used to
generate random y from given symbol .

A cipher implementation is provided using Rust programming
language with a Python wrapper built using PyO3 [1].

1. https://github.com/Py03/pyo3
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HOCJIIZKEHHA METO/IIB ITOLIYVKY
ACOIIATUBHUX ITPABIJI
MapTta T. damko
JIbBiBCchKHIT HallioHa/IbHII yHIBepcuTeT iMeHi IBana Ppanka
JIpBIB, YKpaina
e-mail: marta.dashko@Inu.edu.ua

Jlist aHasisy BeJIMKUX MACHBIB JAHUX aKTHBHO 3aCTOCOBYIOTHCSI
METO/IM TIONIYKY acolliaTuBHUX NpaBuj. [IpoTe ckimamgHicTs mossdrae
B TOMY, IO KLJIBKICTh TOTEHIIHHIX acoIlialliili 3pocTae eKCIIOHEHITiH-
HO 31 301/IbIITEHHSAM YUC/Ia O3HAK y KOKHOMY BHIAJKY, IO BUMAarae
3HAYHUX ODUHUC/TIOBAIBHUX pecypciB. Tomy st onTumizaril mporecy
dopMyBaHHs aCOIIATUBHUX ITPABU BUKOPUCTOBYIOTHCS I IXOIH, STKi
JIOITIOMAraloTh CKOPOTUTH OOCST acOIlaIliil /id aHasizy. 3acToCyBa-
HHS METO/IiB MOIITYKY aCOIaTUBHUX IIPABUJ Y MEJIUINHI € 0CODTUBO
AKTyaJIbHUM JIjIs BUSIBJICHHS 3B’ I3KiB Mi2K 3aXBOPIOBAHHSIMU Ta, CHM-
nroMaMu. AHAJIIBYIOUN BEJIUKI MACUBH MEIMIHUX 3aIIUCIB, IIi METOIM
MOXKYTh JOTIOMOI'TH BUSIBUTH HEOUEBU/IHI, ajie CTATUCTUIHO 3HATYIIT
KOMOIHAIT CHMIITOMIB, sIKi 9aCTO CYyIPOBO/KYIOTH IEBHI 3aXBOPIO-
BaHHdA. Hampukiaj, MOITyK acoIliaTUBHUX IPABUJI MOXKE BHUSIBUTH,
10 TIeBHA, KOMOIHAIlisT TOJIOBHOrO OOJII0, BTOMHU Ta 3allaMOPOYCHHS
qaCTO aCOIIIOETHCA 3 KOHKPETHUM HEBPOJIOTIUHUM PO3JIaJIOM.

Iz muoxkuun X wmoxwa Buminutu migvuooxkumy Y C X mpe-
JIMeTIB, sIKi HaiigacTiie 3ycTpiualTbes: {5, s, Tg} , MO JT03BOJIsI-
0Th cchopMyBaTn HACTyIHI OiHAPHI acomialil: Ts — Tg; T — T5;
T5 — X9 .

Jls anajtizy orpuManux GIHAPDHUX ACOIalliii CKOPUCTAEMOCS
HU3KOI0 XapaKTEPUCTHUK, IO BKa3yIOTh HA HASIBHICTb Y HUX MOXKJIU-
BuX 3B’s13KiB [1, 2[:

1. IlizTprMKa acoIiaTUBHOTO IIpaBUIa — I KIIbKICTh TPAH3AKITIH,
110 MICTATH K YMOBY, TaK 1 HaCJJIOK.

S(l’z — xj) = P(xz N xj) =

__ KiJBKIiCTB TpaH3aKIjii, 110 MICTSATH X; Ta T
- 3araJibHa KiJIbKICTh TPaH3aKIH
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2. JlocToBipHIiCTb acoOLiaTUBHOIO IpaBUIa T; — Tj € Mipoo To-
YHOCTI IpaBmjia I BUBHAYAETLCS K BIIHOIIEHHS KIJIBKOCTI TpaH3a-
KITiif, 0 MICTATH 1 YMOBY, 1 HACJIIJIOK, /IO KITHKOCTI TpaH3aKIIii, 1110

MICTSITh TiJIBKH YMOBY.
P(ziNx;)
Clx; = x;) = —=L =
(i = ) = =pt5
__ KIJTBKICTh TPaH3aKIIiif, MO MICTATDL T; Ta T;
KIJIBKICTh TPaH3aKIIiii, 1110 MICTATb I;

3. Jlibr (opurinasbHa Ha3Ba — «iHTEpEC», TAKOK 3YCTPIYAETHCsI

TePMiH «IIOKPAIEHHsI») — II€ BIHOIIEHHSI YACTOTHU TOSIBU YMOBU B
TPAH3aKIIIAX, 10 TAKOXK MICTITH 1 HAC/IIJIOK, JO YacTOTH IIOSIBU Ha-
CJIZIKY B ILJIOMY.

L(ac, — a;j) = 7C(§E2§c7)

BsazkaeThest, 1110 JiPT € y3araabHEHOI Mipoio 3B’SI3Ky JBOX IIpe-
ameTHuxX Habopis: mpu L > 1 3B’a30k mosutuBHHUil, npu L = 1
3B’g130K BijcyTHiit, npu L < 1 — 3B’430K HeraTUBHUIL.

Y nmaniit pobOTI TPOBEIEHO JTOCIIIXKEHHST HANTOIMUPEHINX MEeTO-
JiB TONIyKy acomiarupHux npasui — Apriori, DHP, Partittion, AIS.
Bukonano sikicHuit anaJ1i3 epbeKTUBHOCTI KOYKHOTO ITi/IX0/y HA OCHOBI
HabOpy JAHUX, IO MICTUTH 3B’3KM MiK 3aXBOPIOBAHHSIME Ta IXHIMHI
cummToMaMu. TakoXK 3/ifiCHEHO MOPIBHSHHS PE3YJIbTATIB 1 PO3IJIfA-
HYTO €PEKTUBHICTH KOXKHOI'O aJITOPUTMY.

1. Moldavskaya A.V. The method of forming multi-level sequen-
tial patterns. Probl. Prohr. 2016; 2-3: 158-163.

2. Subbotin S.A.; Oleynik A.A., Gofman E.A., Zaytsev S.A.,
Oleynik A.A. Intelligent information technology for the de-
sign of automated systems for diagnosing and recognizing
images. Kharkiv: Smit, 2012.
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ON OPTIMIZING LAPLACE TRANSFORM INVERSION FOR
THE 3D INITIAL BOUNDARY VALUE HEAT PROBLEM
Svyatoslav Lavryk
Ivan Franko National University of Lviv,

Lviv, Ukraine
e-mail: sviatoslav.lavryk@Inu.edu.ua

A popular method of time variable semi-discretization for the
nonstationary problems is the Laplace transform, which allows re-
ducing the problem to a set of stationary problems. Using this
approach, initial boundary value heat problem can be reduced to
the set of boundary value problems for the Helmholtz equation.

An approximate solution of the original problem can be obtai-
ned by approximately integrating the inverse Laplace transform, in
particular using sinc quadratures with a certain choice of integration
contour in the complex plane, allowing to achieve high convergence
rate [1].

We showed, that due to a symmetry of the quadrature nodes, the
number of stationary problems can be decreased almost by a factor
of 2.

The influence of the integration contour parameters on the appro-
ximation error is also researched.

Stationary problems are numerically solved using boundary in-
tegral equation approach applying Nystroem method, based on the
quadratures for smooth surface integrals.

Numerical experiments support the expectations.

1. Lopez-Fernandez M., Palencia C. On the numerical inversion
of the Laplace transform of certain holomorphic mappings //
Appl. Numer. Mathematics, 2004, 51, pp. 289-303.
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SCATTERING THROUGH ¢’ -LIKE COMBS
Stanislav Lavrynenko
Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: stanislav.lavrynenko@Ilnu.edu.ua

We study an exactly solvable quantum model describing particle
scattering in a potential formed by equally spaced ¢ -type interacti-
ons, known as dj-combs. The model describes the scattering of a
particle by localized dipoles in crystal structures, with the parame-
ter 6 defining the interface conditions.

We derive formulas for the transmission probability 7,,(0,k),
where the potential is an array of ¢p -interactions of length n. The
explicit formula for T,,(0,k) was obtained in terms of Chebyshev
polynomials, which allows us to precisely locate the resonance peaks
and describe their dependence on € and k. We prove that T,,(6, k)
is m-periodic and invariant under the transformations 6 — —6# and
6 — 6~'. For small 6, transmission occurs only within a narrow
frequency range; as # — 1, the system becomes nearly fully trans-
parent. Thus, dj-combs act as selective quantum filters. For 6 # 1,
the function 7}, exhibits n—1 sharp resonances in the interval (0, )
where T, = 1, and decays rapidly outside. As 6 — 0, transmission
vanishes almost everywhere except at k = 7/2.

The results were obtained in collaboration with Y. Golovaty and
R. Hryniv.

1. Golovaty Y., Hryniv R., Lavrynenko S. Transmission reso-
nances in scattering by 0’ -like combs. 2025. arXiv preprint
arXiv:2503.23837.



VYkpaina, JIpBiB, 8-9 TpaBus 2025 poky 99

SOFTWARE RISK ASSESSMENT MODELING
Mariia Lyashkevych
Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: mariia.liashkevych@Inu.edu.ua

A software risk assessment model was refined, taking into account
the SDLC stages, components, and requirements |1, 2|.
Structural sets:
- a set of SDLC stage: S = {s1,..., Sk}
a set of software components at stage s1: C = {c1,...,cn}
a set of requirements: Q = {q1, ..., q}
a set of potential risks: R = {r1,...,7m}
- mapping requirements to components: Trace : Q) — 2¢

Risk functions:

- probability of risk occurrence r for component c¢: V(e,r) €
0,1]

- the impact of risk 7 on component c¢: I(c,r) € R

- a source of risk: S(r) e SUQUC

Risk assessment:

- component risk: RE(c,r) = V(c,r) x I(c,r)

- stage risk: RE(s, ) = > occs, 2orer RE(c,T)

- requirement risk: RE(g % j) = X ccrrace(qr) 2orer BE(C,T)

1. Lyashkevych M., Lyashkevych V., Shuvar R. Risks Attri-
bute Values FEvaluation in Software Engineering by Monte
Carlo Simulation. IEEE 13th International Conference on
Electronics and Information Technologies (ELIT), 2023.

2. Lyashkevych M., Rohatskiy I., Lyashkevych V., Shuvar R.
Software risk taxonomy creation based on the comprehensive
development process. Electronics and Information Technolo-
gies. 2024; 27: 59-71.
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AT APPROACHES FOR QUALITATIVE AND QUANTITATIVE
NEWS ANALYTICS ON PUBLIC OPINIONS
Bohdan M. Pavlyshenko
Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: b.pavlyshenko@gmail.com

We consider the use of GPT models with retrieval-augmented
generation (RAG) for qualitative and quantitative analytics on pub-
lic opinions in different news sources. For analytics, we used a two
level RAG approach: on the first level, the GPT model generates
qualitative news summaries and quantitative opinion scores using
zero-shot prompts; on the second level, the GPT model generates the
summary of news summaries for specified time period. Quantitative
news opinion scores generated by the GPT model were analysed usi-
ng Bayesian regression to get trend lines. The distributions found for
the regression parameters make it possible to analyse an uncertai-
nty in the specified news opinion score trends. The obtained results
demonstrate that using GPT models for news analysis can yield
informative qualitative and quantitative analytics, providing impor-
tant insights.

The dynamic model based on neural ordinary differential equati-
ons was considered for modelling public opinion. This approach
makes it possible to analyse different scenarios for evolving public
opinions.
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FINE-TUNING AND METRICS-BASED COMPARISON
FOR GPT-BASED LARGE LANGUAGE MODELS
Bohdan M. Pavlyshenko ', Ivan I. Bulka?

1.2 Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: ! b.pavlyshenko@gmail.com,

2 jvan.bulka@Inu.edu.ua

Fine-tuning of large language models [1] is a resource-intensive
challenge. Due to the complexity and sophistication of the models,
the fine-tuning process can be not only time-consuming but also
costly. However, strategies such as Parameter Efficient fine-tuning,
Low-Rank Adaptation (LoRA) [2], and Quantized Low-Rank Adap-
tation (QLoRA) [3] offer possible simplification solutions. These
strategies are designed to minimize the inefficiencies in current fine-
tuning methods, hence potentially reducing the time and financial
investment involved.

Fine-tuning alone, nonetheless, is not enough. It’s essential to
evaluate [4] how efficiently models can solve required tasks. These
evaluations are mandatory in order to understand the actual appli-
cability of the models that have been fine-tuned. Additionally, it’s
important to create a metric-based comparison approach. Such an
approach offers a standardized methodology for assessing the models.
It helps us compare different fine-tuned models and the efficiency of
the fine-tuning itself, thereby providing a comprehensive understan-
ding of the performance and effectiveness of each model.

1. Kasneci E., et al. ChatGPT for good? On opportunities and
challenges of large language models for education. Learning
and individual differences. 2023; 103: 102274.

2. LiY., YuY., Liang C., He P., Karampatziakis N., Chen W.,
Zhao T. Loftq: Lora-fine-tuning-aware quantization for large
language models. 2023. arXiv preprint arXiv:2310.08659.
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3. Dettmers T., Pagnoni A., Holtzman A., Zettlemoyer L. Qlo-
ra: Efficient finetuning of quantized llms. Advances in neural
information processing systems. 2023; 36: 10088-10115.

4. LiJ., Li R., Liu Q. Beyond static datasets: A deep interaction
approach to llm evaluation. 2023. arXiv preprint arXiv: 23009.
04369.
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IMPROVING FAKE NEWS DETECTION
USING NAMED ENTITY RECOGNITON
Bohdan M. Pavlyshenko!, Thor V. Drozdov 2
1.2 Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: ! b.pavlyshenko@gmail.com, 2 ihor.drozdov@Inu.edu.ua

Detecting fake news is a critical task in the digital age, where
misinformation can spread rapidly, affecting public opinion and the
stability of society. Nowadays, deep learning and transformer models
demonstrate excellent results in text understanding and fake news
detection [1, 2]. The integration of named entity recognition methods
can increase accuracy and efficiency, as it provides an opportunity
to consider the latter’s contextual impact on the detection of fake
news.

Named entities can add a significant semantic load based on pre-
processed data and statistical analysis to increase text understandi-
ng. Combining named entities with text can increase the amount
of contextual information for misinformation detection. Compared
to basic text-only methods, preliminary experiments have demonst-
rated that including NER-based characteristics improves overall
performance indicators. These results suggest significant potential
for practical application, supporting faster and more reliable fact-
checking processes.

1. Pavlyshenko B. Analysis of disinformation and fake news
detection using fine-tuned large language model. 2023.
arXiv preprint arXiv:2309.04704.

2. Pavlyshenko B. Methods of informational trends analytics
and fake news detection on twitter. 2022.
arXiv preprint arXiv:2204.04891.
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TRANSFORMER SENSITIVITY
TO AUGMENTATION COMPLEXITY
Bohdan M. Pavlyshenko ', Mykola I. Stasiuk 2
1,2 Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: ! bohdan.pavlyshenko@Inu.edu.ua,
2 mykola.stasiuk@Inu.edu.ua

Transformer models [1|, have revolutionized Natural Language
Processing (NLP) by capturing complex contextual relationships wi-
thin text. Their deep architectures and attention mechanisms enable
state-of-the-art performance across various tasks. However, these
models, particularly larger ones, require substantial training data
to generalize effectively. Data augmentation becomes crucial to mi-
tigate data scarcity and enhance model robustness. By introduci-
ng diverse variations of existing data, augmentation techniques,
ranging from simple synonym swaps to complex embedding mani-
pulations, can significantly improve a transformer’s ability to handle
unseen data and complex linguistic phenomena. Understanding how
different transformer architectures respond to varying augmentati-
on complexities is essential for optimizing model performance and
ensuring reliable NLP applications |2, 3].

1. Vaswani, A., Shazeer, N., Parmar, N., Uszkoreit, J., Jones,
L., Gomez, A. N., Polosukhin, I. Attention is all you need.
Adv. Neural Information Processing Systems. 2017, 30.

2. Pavlyshenko B., Stasiuk M. Using Large Language Models for
Data Augmentation in Text Classification Models. Ternopil:
International Journal of Computing, 2025.

3. Pavlyshenko B., Stasiuk M. Data augmentation in text clas-
sification with multiple categories. Lviv: Electronics and In-
formation Technologies, 2024.
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I'EHETUYHNI AJITOPUTM YV 3AJAYI PO3MIIIIEHHA
BEKTOPHUX OB’€KTIB
dmvurpo ITamamapayk
Harjionassunii yrnisepcurer “JIpBiBcbka mosriTexHixa”
JIpBIB, YKpaina
e-mail: dmytro.y.palamarchuk@lpnu.ua

3ajiata ONTUMAJIBHOTO PO3MIIEHHS BEKTOPHUX 00’€KTiB Ha ILIO-
IMUHI € aKTyaJbHOIO 4Yepe3 BeJIMKY KIJIBKICTh KOMOIHAIN ITO3MILii
Ta obepranb. [loBHMIT mepebip € HAATO PECypPCOMICTKAM, TOMY ede-
KTUBHUM ITiIXOJ0M € BUKOPUCTAHHS €BPUCTUIHUX METOJIB, 30KPeMa,
FEHETHUIHOTO AJITOPUTMY.

Hoge mokostinast popMyeThCs MIITXOM KOMOIHAINT PISHUX J2Kepes
XPOMOCOM JIJisl 30€peKeHHsI KPAIlUX PillleHb 1 MATPUMKHA Pi3HOMAa-
uitrs. Posnoain surnsmae Tak: 20% — emitni xpomocomu, 10% — Bu-
naJIKoBi 3 nornepenubol nomyssii, 20% — kpocosep, 20% — Kpocosep
i3 knacrepusaniero, 20% — kpocosep i3 myraniero, 10% — mosHicTIO
HOBI BUIAJIKOBI PillIEHHSI.

Koxne pimensst OmiHIOETBCS TIISXOM ODYUCICHHS KoedirieHTa
SIKOCTI $IK BiJIHOIIIEHHS ITLJIOIII;:

Q — Sﬂbiryp
SBI/IKOPI/ICTaHa obJjacTb
AutropuTM JIJ1sI KOXKHOI (DIrypy BUKOHYE ODepTaHHSI, JIUCKPETH3a-
I[iI0 B IMKCEJIbHY MaTPHUIO Ta MOIIYK ONTHUMAaJbHOI mo3uriii. Excie-
PUMEHTAJIBHO BCTAHOBJIEHO: 3MEHITIEHHS PO3MIPY KJIITUHU IiJIBUIILYE
SIKICTb PO3MIIIEHHs, ajie 30iIbIrye 4ac 0OpOOKH.

1. Palamarchuk D.Yu., Tymchenko O.V., Demchenko V.O. Ap-
plication of optimization methods in the problem of placing

vector graphic objects on a plane. Scientific notes. 2024; 68
(1): 61-70.
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AUDIO DEEP WATERMARKING APPROACH
BASED ON ALGEBRAIC TRANSFORM
Dmytro Peleshko!, Olena Vynokurova?,
Severyn-Dmytro Peleshko?, Marta Peleshko *
L2 Ivan Franko National University of Lviv, Lviv, Ukraine
3 Ukrainian Catholic University, Lviv, Ukraine
4 Lviv State University of Life Safety, Lviv, Ukraine
e-mail: ! dpeleshko@gmail.com, 2 vynokurova@gmail.com,

4 marta.peleshko@gmail.com

Currently, watermarking technology is extensively used to pro-
tect multimedia data, ensuring the protection and authenticity of
digital content. The technique involves inserting watermarks into
media signals, achieved by embedding them in specific areas wi-
thin either the sample domain or a suitably altered domain. In this
paper, we introduce a novel invisible audio watermarking approach
that utilizes algebraic transformations. This approach ensures that
the watermark remains undetectable to human perception while
remaining resilient to various alterations and compression of the
signal. Our method relies on a deep neural network framework,
adapted from the Resdep and ResIndep architectures, with modifi-
cations designed to optimize the watermarking process. A standout
feature of this architecture is its innovative handling of audio signals,
avoiding dependence on spectral properties or direct time-domain
transformations. Instead, it focuses on embedding the watermark
to maximize durability against audio processing techniques such as
compression, noise, and filtering. The proposed technique excels at
preserving the integrity of the watermarks under conditions that
typically affect audio quality, such as MP3 compression. By moving
away from conventional spectral analysis and prioritizing algebraic
transformations in time domain, this technology establishes a new
benchmark for robust, invisible audio watermarking.
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PIBHAHHA OISUYHUX T1OJIIB
Y PIMAHOBOMY ITPOCTOPI
Bosiogumup O. ITenux !, FOpiit B. TaiicTpa ?
L2 Incruryr npukragamx npobireM MexaHiKH i MaTeMaTHKI
imeni 51.C. Ilinctpurasa HAH Ykpainn
JIbBIiB, YKpaina
e-mail: ! vpelykh@gmail.com,
2 ythelloworld@gmail.com

OCHOBHOIO BJIACTUBICTIO, siKa BUILJIsI€ PIBHSIHHS XBUJIbOBUX (Di3u-
YHUX HOJIB y KJaci ycix rinepOo/iYHuX pPIBHAHB, € MPUTAMAHHA TM
BJIACTUBICTh KOBapiaHTHOCTI BiJTHOCHO IIEBHUX T'PYII ITEPETBOPEHL —
JOBUIBHUX TJ100anbHUX UM JoKaJabHuxX Jlopenra. Ile mae cBoiMm Ha-
CJIIIKOM, SIK BCTaHOBJIEHO Iie Pimanow i I'iapbepToM Ta BUKOPUCTAHO
AftHIITAfHOM TTPU CTBOPEHHI 3araJIbHOT Teopil BiTHOCHOCTI, mOTpedy
JIOTIOBHEHHSI PIBHSIHDL ITOJIsI JIOJATKOBUMU PIBHSIHHSAMU, T. 3B. KOOP-
JUHATHUME 49U KajibpyBajabuumu ymoBamu. Mu mosgaemo B icropu-
gromy posButky (I'inbbepr, Aiinmraitn, e Jounep, [lanipo, Cinr,
Iudennn, [Terpos, [Teaux) nonryku crporux oOrpyHTYBaHb JIJIsI MO-
2KJIMBOCTI JIOTIOBHEHHS PIBHSHB 110JIsI JOJATKOBUME PiBHAHHAMU. 3a-
npoBaKeHHst Birrernom piBusuus Cena-BirTena mpu mobyI0Bi ajib-
tepuatusHoro 10 Illena-fly noBereHHst TeopeMu PO IOAATHY BU-
3HAYEHICTHh IpaBiTalliifeol eHepril cTajo HaCIIIKOM KajiopyBabHOI
cBobou, sk 1e Oyso mokazano Ilequxom Imicist y3araJibHEHHsT HUM
Ha BHUI&JOK CHUCTEMHU CIIHOPHUX piBHAHB Teopemu CKopoborarbKa
PO KOJIUBAJIBHICTH PO3B’SA3KIB CAMOCIIPSI?)KEHOI'O PIBHSHHS JIPYTOTO
MTOPSIIKY.

BactocoBytoun meron, Heiomena-Ilenpoysa y itoro crminopwiit im-
Teprperariii Ta KajaibpyBaJbhai ymoBu KiHHepcsi i 300pakeHHs
cucremu piBaaab MakcBemna y Merpuni Keppa, 1mo omnwucye mose
00epTOBOI YOPHOI JIipH, sIK CUCTEMU PIiBHSHB IEPIIOro nops Ky, 1le-
sinx ta TalicTpa oTpuMa/Il y aHATITUIHOMY BULJISIT] PO3B’3KU KJla-
cy C'. Bonn € 3arajbHUME y KJIACi 130TPOIHIX OJHOHAIIPABJICHIX.
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OTprMaHO TAKOXK PO3B’SI3KU 3 BiJIOKPEMJIEHUMU 3MIHHUMM, K1 30i-
rucs i3 po3B’a3kamu Jauapacekapa. OrpuMane piBHAHHS (Ha30BOl
noBepxHi y3arasbhioe Bupa3 Hosikosa i @posioBa st hazoBol (xa-
paKTepucTUYHOI) noBepxHi piasiHb Makcsesuia y moui [IIsapigmisib-
J1a, a BIAIOBIIHA MOBEPXHs, Ha3BaHa HaMU CEPOITHIM TeIiKOII0M,
He € 3aMKHeHOM0. lle € Hacaizkom mpucyTtHocTi y Mmerpuri Keppa
HeJIIaroHaJILHOIO ejIeMeHTa. [HIuM HacsiJ KoM #oro MpUCyTHOCTI €
HEIHTErPOBHICTH OPTOIOHAJBHOI'O JIOTIOBHEHHS YaCOIOiOHOI0 PO3-
MOJIUIY Y JIOTUYHOMY PO3IIAPYyBaHHI — 3 T€OMETPUYHOI TOYKH 30Dy,
ab0 HEMOXKJINBICTH CHHXPOHI3yBATH NOAMHHUKN y CKIHIeHHiit 001acTi
TPUBUMIPHOI'O IIPOCTOPY — 3 (PI3UUHOT TOUKH 30pY. ¥ 3B’S3KY i3 UM
y mpoctopi-daci Keppa nepecrae OyTu 3MiCTOBHUM, OCKLIBKUA HE €
CITIOCTEPEXKYBAHIM YKOJTHOIO CUCTEMOIO CIIOCTEPIradiB, MOHITTS Xapa-
KTEPUCTUYHO] TOBEPXHI, HA AKiff MOXKJIMBI PO3PUBHU IOXITHUX, 1 KA
OIHUCY€ MOITUPEHHsT (PPOHTY IMOIMIUPEHHS XBUJI, IK TAKOXK BTpada-
IOTH 3MICTOBHICTD yCi MMOHSITTS XBIUJIBOBOI ONITUKY — (pa3a, XBUIBOBHUI
BeKTOp. TUM He MeHIIe 30epiraloTh 3MiCTOBHICTH JIOKAJIbHI XapakTe-
PUCTUKU XBUJIb, IKi OOUUCIIOEMO 3 3HANIEHUMHI PO3B’I3KAMHI — Ky T
eJIIITUYIHOCTI Ta noaspusaliiinuit KyT. Ha 1iif ocHOBI gaemMo TodHe
3HAYEHHS KyTa MOBOPOTY ILJIOMIMHU MOJISAPU3aIlil eJIeKTPOMAarHiTHOL
XBUJII, BUIIPOMIHEHOI 3 MiHIMaJbHO MOXKJINBOI CTabiIbHOI opbiTH —
ISCO. Moro Besmuuma J0IyCKae BUSBICHHS CYyIACHUMI 3eMHIMHE T2,
KOCMIYHUMH 3ac00aMu.
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RELATIONS BETWEEN CONVERGENCE METRICS
IN GENETIC ALGORITHMS
Vitalii O. Pretsel
Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: vitalii.pretsel@lnu.edu.ua

Preserving population diversity in genetic algorithms (GA) is
crucial to prevent premature convergence and to ensure the discov-
ery of high-quality solutions. Over the years, numerous methods have
been developed to address this challenge. Evaluating and compar-
ing the effectiveness of these methods remains complex due to the
multifaceted nature of diversity and convergence.

In this study, we explore a range of genotypic and phenotypic
diversity metrics to better understand their relationship with con-
vergence behavior. Building on the comparative analysis presented
in [1], we use a range of metrics along with additional statistical indi-
cators, to provide a more comprehensive view of population dynami-
cs.

We calculate these metrics for a set of functions representing a
variety of fitness landscapes. For each experimental run, we moni-
tored the generation at which convergence was detected and inves-
tigated how different metrics behaved when convergence was close.

Our objective is to determine what diversity metrics signal the
onset of convergence, and how these indicators correlate with one
another across function types.

1. Pandey H.M., Choudhary A., Mehrotra D. A Comparative
Review of Approaches to Prevent Premature Convergence in
GA. Applied Soft Computing Journal, 2014,
http://dx.doi.org/10.1016/j.as0c.2014.08.025
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MMPYZKHO-IIJTACTUYHA 3AJIAYA PO3TAI'Y IIJTACTUHN
3 OTBOPOM TA TPIHIIMHOIO 3 IIJTACTUYHUMU
S0HAMU 3 BUKOPUCTAHHAM YMOBU ITJTACTUYHOCTI
TPECKA-CEH-BEHAHA

Muxkona Cao6oasia !, Makcum Illaiisora?,
Jlykissn Mapkesuy *
1.2.3 JpiBchkuii HanjonaasHuil yHiBepcuter iveni Isana Opanka
JIpBIiB, YKpaina
e-mail: ! mykola.slobodyan@Inu.edu.ua,
2 maksym.shainoha@Ilnu.edu.ua, 3 lukiian.markevych@Inu.edu.ua

Po3p’si3ano 3ajaty mpo ABOCTOPOHHIN PO3TAT O€3MeKHOI i30Tpo-
ITHOT TJTACTUHU 3 KPYTOBUM OTBOPOM Ta HACKPIZHOIO MPSIMOJTIHIHHOIO
pajiajabHOIO TpimuHO©. Mexka KpyroBoro oTBopy Ta Oeperu Tpimu-
HU BiJIbHI BiJl 30BHIITHBOIO HABaHTaXKeHHs. |[puIryckaeThes, mo i
JII€I0 30BHINTHBOI'O HABAHTAaYKEHHS HA HECKIHYEHHOCT] Ha, ITPO/IOBYKEH-
Hi TPIIUHU YyTBOPMJIUCS ILJIACTHUYHI 30HH, JJISI SIKUX BUKOHYIOTBCS
yMmoBH mactuaaocTi Tpecka-Cen-Benana.

I3 BUKOpHCTAHHAM KOMILJIEKCHUX TTOTEHITIAIB ILJIOCKOI 3aJ1a4i, Po-
3B’s130K ¢HOPMYIBOBAHOI 3a,/1a4i 3BeJIEHUI 10 3a/1a4 JIIHITHOTO CIIpsi-
»KeHHsI, Ha OCHOBI IKMX OTPUMAaHO CUCTEMY CUHTYJISIPHUX IHTErpaJib-
HHUX PIBHSIHb Ha Oeperax TPIilUHM Ta y IJIACTUIHUX 30HaX. Kpaitosi
YMOBH Ha MEXKY KPYTOBOI'O OTBODPY BJAJIOCH 33 0BOJILHUTU AHAJII-
TuaHo. [IpoBeneHo YncIOBUA aHAI3 JOBXKWH MJIACTUIHAX 30H IPU
PI3HEX mapaMmeTpax 3aJadi, Ha OCHOBI SKOr'o IOOYI0BAHO BiIITOBiTHI
rpadivuHi 3aJIe2KHOCTI.
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MATHEMATICAL MODELING OF NONLINEAR
FRICTIONAL CONTACT FOR STUDYING
THE DEFORMATION OF COMPOSITE STRUCTURES
WITH THIN RIBBON INCLUSIONS
Heorgiy Sulym ', Yosyf Piskozub?, Nazar Oliyarnyk 3,
Liubov Piskozub *
! Pidstryhach Institute for Applied Problems of Mechanics and
Mathematics of the NASU, Lviv, Ukraine
234 Lviv Polytechnic National University, Lviv, Ukraine
2 Cracow University of Technology,
Cracow, Poland
e-mail: ! gtsulym@gmail.com, 2 yosyf.z.piskozub@lpnu.ua,
2 yosyf.piskozub@pk.edu.pl, 3 nazar.r.oliyarnyk@lpnu.ua,
4 1iubov.g.piskozub@lpnu.ua

Thin inclusions, cracks, and other structural defects in constructi-
on materials either cause undesirable high stress concentrations or
are elements of smart materials’ structure. The nonlinearity of physi-
cal and mechanical properties of such heterogeneities, imperfect
kinematic contact between components with uncertainty in their
contact area in case of possible disruption, have not been sufficiently
studied.

A methodology for studying the influence of nonlinear physical
and kinematic characteristics on the deformation of a body with an
interphase thin inclusion is proposed. The approach is based on the
jump function method and the apparatus of singular integral equati-
ons. The results of calculations of the stress-strain state in the vici-
nity of the considered heterogeneities, obtained on the basis of this
approach, can be applied from a unified position both in the theory
of composites within the framework of meso- or micromechanics, as
well as in nanomechanics or geomechanics, microelectronics, fracture
mechanics, materials science, etc.
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ON THE INFLUENCE OF KEYPOINTS QUANTITY
IN FILTERING-BASED IMAGE MATCHING
Andriy V. Fesiuk !, Yuriy M. Furgala?

Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: ! andrii.fesiuk@Inu.edu.ua, 2 yuriy.furhala@lnu.edu.ua

Accurate image matching in computer vision often relies on key-
points detectors, such as SIFT, SURF, ORB, and BRISK, combi-
ned with filtering methods like RANSAC and its USAC variants to
remove false correspondences. While algorithm selection is typically
considered a significant factor, the number of keypoints involved
also significantly influences the quality and efficiency of matching
[1]. Experimental analysis reveals a nonlinear and method-sensitive
relationship between keypoints quantity and performance. A larger
number of keypoints does not guarantee better outcomes and may
instead introduce instability and higher processing costs. On the
other hand, too few keypoints might lead to a loss of relevant
matches [2]. Exploring this relationship is important for understan-
ding how data volume affects the behaviour of filtering algorithms
under different conditions. Identifying the optimal keypoints range
allows a better trade-off between matching accuracy, robustness, and
computational efficiency, essential for designing effective and scalable
computer vision systems.

1. Fesiuk A., Furgala Y. The Impact of Parameters on the Effi-
ciency of Keypoints Detection and Description. Lviv: ELIT,
2023.

2. Fesiuk A., Furgala Y. Keypoints on the images: Compari-
son of detection by different methods. Lviv: Electronics and
information technologies, 2023.
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USING THE BELIEF RULE BASE APPROACH TO BUILD
AN INTERPRETABLE CLASSIFICATION MODEL
Markiyan Fostyak !, Lidia Demkiv 2
1.2 Ivan Franko National University of Lviv
Lviv, Ukraine
e-mail: ! markiyan.fostyak@gmail.com, 2 lidiya.demkiv@Inu.edu.ua

When developing credit-worthiness assessment systems from open-
banking data it is crucial to account for possible inconsistencies. In
practice, customers with similar financial profiles sometimes recei-
ve different credit-rating classes. This lowers classification accuracy
and blurs the resulting class-probability estimates. Combining the
Belief Rule Base (BRB) framework with modern machine-learning
models preserves predictive accuracy while providing decision-level
interpretability — an essential requirement for financial applications
operating under high uncertainty [1].

In this study we design a BRB rule set and aggregate its outputs
with Evidential Reasoning (ER) for a financial profile described
by six variables: periodic income, non-periodic income, periodic
expenses, risky expenses, non-risky expenses, and the difference
between income and expenses. The dataset is synthesised from open-
banking transaction streams through aggregation, categorisation,
and anonymisation.

Each of the ten BRB rules is represented as a set of weighted
hypotheses with associated belief degrees and an overall rule wei-
ght reflecting its importance. Reference values and linguistic output
states are specified. ER algorithms are then applied to combine
several partially activated rules, yielding a final inference expressed
as a set of hypotheses with belief degrees.

1. Hu G., Hi W. at all. Hierarchical belief rule-based model for

imbalanced multi-classification. Expert Systems with Appli-
cations 216, 119451, 2023.
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MATHEMATICAL MODELING OF TRANSFER PROCESSES
IN A LAYER UNDER EXPERIMENTAL DATA
AT THE BODY BOUNDARY
Olha Y. Chernukha !, Halyna I. Bilushchak?,
Yurii I. Bilushchak?
L2 Lviv Polytechnic National University, Lviv, Ukraine
3 Pidstryhach Institute for Applied Problems
of Mechanics and Mathematics, Lviv, Ukraine
e-mail: ! olha.yu.chernukha@Ipnu.ua,
2 halyna.i.bilushchak@lpnu.ua, 2 byixx13@gmail.com

The need to develop modern approaches for reliable prediction
of processes and phenomena necessitates the development of new
methods of modeling of non-equilibrium processes in natural or arti-
ficial objects. For such systems, based on physical considerations, it
is not always possible to correctly impose boundary conditions on
the body boundaries, even in a sufficiently general form. Here, we
consider a parabolic initial-boundary value problem in a layer when
experimental data on the desired function are available at one of
the boundaries. A regression model is constructed using the least
squares method, which is considered as a boundary condition. The
solution to the problem is found using the integral transform. The
reliable intervals for the regression and the desired function are obtai-
ned as well as two-sided statistical estimate of the problem solution.
A formula for determining the two-sided critical region is found by
the Fisher criterion and analyzed. The influence of the statistical
characteristics of the sample on the desired function at the layer
lower boundary is investigated on specific examples. We consider
the cases of samples of large and small sizes, which characterized by
large or small variance, at large or small time intervals. The numeri-
cal analysis of the solution to the initial-boundary value problem
depending on the statistical characteristics of the sample at the layer
lower boundary is carried out.
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MATHEMATICAL MODELING OF IMPURITY DIFFUSION
IN A STRIP UNDER GIVEN STATISTICS
OF POINT MASS SOURCES SYSTEM
Yurii A. Chernukha!, Petro Y. Pukach?
1.2 Lviv Polytechnic National University
Lviv, Ukraine
e-mail: ! yurii.a.chernukha@lpnu.ua, 2 petro.y.pukach@lpnu.ua

A mathematical model is developed to describe impurity diffusion
within a strip influenced by a system of randomly located internal
point mass sources. In this model, we consider various probabili-
stic distributions of point sources of different power over a desi-
gnated subregion of the body. The formulation of the random initial-
boundary value diffusion problem is based on Fick’s two laws. The
overall solution to the nonhomogeneous problem is obtained as a
sum of the solution to the corresponding homogeneous problem and
the convolution of the Green’s function with the stochastic point
sources. Then, the stochastic averaging is carried out for uniform
and triangular distributions as well as two specific cases of beta-
distribution both over the internal region of the point sources acti-
on and over the entire body. Explicit expressions for the impurity
concentration under given initial and boundary conditions have been
derived. Based on the obtained calculating formulas, software has
been developed for simulating the averaged impurity concentration
under different probabilistic distributions of sources and for computi-
ng the second moments of the concentration field. The analysis
focuses not only on the averaged concentration of the impurity but
also on its statistical properties, including the variance and spatial
correlation. The impact of various parameters, including the locati-
on and size of the source’s action region, the specific arrangement
of impurity sources, and the effect of an overwhelmingly powerful
source has been assessed.
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MATHEMATICAL MODELING OF IMPURITY DIFFUSION
IN A MULTIPHASE RANDOMLY NONHOMOGENEOUS
BODY WITH SPHERICAL INCLUSIONS
Anastasiia Y. Chuchvara
Pidstryhach Institute for Applied Problems
of Mechanics and Mathematics, Lviv, Ukraine
e-mail: davydoka@gmail.com

Diffusion processes in a porous medium modeled by a layer of
solid material with randomly located spherical inclusions of different
phases and radii with the possibility of introducing several effecti-
ve diameters for one material are investigated. The contact-initial
boundary value problem is formulated in a three-dimensional setti-
ng; in particular, the diffusion equation is constructed for simply
connected domains of each phase with nonideal contact conditions
at the interphase boundaries for the concentration of the migrating
substance. Using the apparatus of the theory of generalized functi-
ons, the original problem of diffusion is reduced to the mass transfer
equation for the whole body. An integro-differential equation equi-
valent to the obtained problem is constructed. The solution of the
integro-differential equation is obtained by the method of successive
iterations in the form of an integral Neumann series. The averaging
procedure is carried out over the ensemble of phase configurations
with a uniform distribution of spherical inclusions in the body. The
calculation formula is obtained for determining the concentration fi-
eld of a migrating substance in the layer containing randomly located
spherical inclusions of different physical properties (phases) and vari-
ous characteristic radii. Software modules for numerical analysis
are developed, the dependences of the concentration on the medi-
um parameters, in particular, the effective diffusion coefficients, the
density of inclusions and their volume fractions or radii, are investi-
gated.
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CONCEPT DRIFT HANDLING IN ENSEMBLE SYSTEMS:
A MODULAR APPROACH
Khrystyna R. Shakhovska
Lviv Polytechnic National University
Lviv, Ukraine
e-mail: khrystyna.r.shakhovska@lpnu.ua

Conceptual drift occurs when underlying patterns change over
time, making it essential to adapt models for sustained accuracy. As a
reference the ROSE algorithm [1] was used. It is an ensemble learning
framework for online, imbalanced, and drifting data. It adapts to
concept drift, handles class imbalance with self-adjusting bagging,
and optimizes performance, efficiency, and memory use.

This work proposes method for real-time predictive tasks wi-
th concept drift, consisting of four key components: drift detecti-
on, ensemble evaluation, adaptive model update, and retraining
control. Drift detection is performed using dual sliding windows
that track prediction error over time, with statistical tests applied
to detect significant performance degradation. Ensemble evaluati-
on continuously monitors the performance of base models, pruni-
ng underperforming ones and ensuring model diversity. Upon dri-
ft detection, the adaptive model update component prunes poor
models and retrains new ones based on recent data, while retaini-
ng resilient models to preserve useful knowledge. Finally, retraining
control adjusts system parameters, such as window size and pruni-
ng rates, dynamically optimizing the system’s response to drift and
maintaining computational efficiency.

1. Cano A., Krawczyk B. ROSE: robust online self-adjusting
ensemble for continual learning on imbalanced drifting data
streams. Machine Learning. 2022; 111 (7): 2561-2599.
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COMPARATIVE ANALYSIS OF AUTOMATED METRICS
FOR ASSESSING IMAGE QUALITY GENERATED BY GAN
Volodymyr S. Yakymiv !, Yosyf Z. Piskozub 2
! Lviv Polytechnic National University, Lviv, Ukraine
2 Cracow University of Technology, Cracow, Poland
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Researches [1, 2] aimed at the possibility of using AI GAN models
for dynamic image generation for works of art has shown the need
for automatic metrics that allow objectively assessing the quality of
results in accordance with subjective human perception. Of all the
evaluation methods analyzed, the Inception Score and CLIPScore
algorithms meet the research criteria to the greatest extent.

Inception Score algorithm is used to obtain a conditional distri-
bution of labels p(y|x) . If there are significant objects in the image,
the corresponding conditional distribution should be characterized
by low entropy and can be calculated using formula:

IS(G) = exp(EgnpgDicr(p(yl2) || p(y)))- (1)

Contrastive Language-Image Pretraining (CLIPScore) is a widely
accepted approach for quantifying the similarity between an image
generated by a GAN model and its corresponding textual description
using the following formula:

CLIPScore(1,C) = mazx(100 cos(Er, E¢),0). (2)

1. Yakymiv V.S., Piskozub Y.Z. Research on the use of Al for
Selecting Abstractions for Natural Language Image Generati-
on Tools. International Journal of Computing, 2024.

2. Yakymiv V.S., Piskozub Y.Z. Comparison of the use of Al
services based on general natural language for generating
images for fiction. Math. Modeling and Computing, 2025.
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AUTOREGRESSIVE MONITORING MODEL
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Lviv, Ukraine
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Assuming F(t) represents the amount of electricity consumed
at a time t. It means, we can represent the collected data of this
consumption using a time series, where ¢ is a time variable and
E(t) is the amount of energy consumed from time ¢y to time ¢.
Thus, electricity consumption using the autoregressive model can be
written as follows:

Et)=cot+cr*xEi1+caxEBiot+ ... top*xEp+put)« E) =

=ct+a*xE 1+cxE o+ ... +cepx B+ pu(t),
where: E(t) is a amount of electricity consumed at time ¢, ¢, c1,ca,
..., ¢p are autoregression coefficients, that determine the influence
of past values on the current value, u(t) is a model error.
This model assumes that the energy consumed at a given time
depends on the energy consumed at previous times with a certain
delay p.

1. Yakubovych M.Y., Lyashkevych V.L., Shuvar R.Y. Energy
Conservation as One of the Components of the Management
System for the Smart Sustainable Workspaces. Electronics
and Information Technologies. 2025; 29, 79-94.

DOTI: https://doi.org/10.30970/eli.29.8.
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ENHANCING WEB APPLICATION SECURITY THROUGH
UNDERUTILIZED CONTROLS OF NIST 800-53
Sviatoslav Zlatous', Petro Venherskyi 2
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While NIST Special Publication 800-53 is widely recognized for
its comprehensive catalog of security and privacy controls, its direct
and systematic application to web applications is often incomplete
or limited to high-level policies. This research bridges the gap by
exploring how lesser-known or underutilized controls from NIST 800-
53 can be pragmatically applied to enhance the security posture
of web applications. It introduces original case studies and practi-
cal configurations and proposes a framework for prioritizing control
families in DevSecOps pipelines.

(1) Control Mapping: Beyond the Obvious

(2) Automated Enforcement of Security Controls in CI/CD Pi-
pelines

(3) Case Study: Integrating AU and IR Controls in Web Logs

(4) Underutilized Controls for Front-End Security

(5) A Metric-Based Framework for Web Control Prioritization

(6) Privacy Engineering with AP and PT Controls

(7) Comparative Analysis with OWASP ASVS
This work aims to provoke a shift in how NIST 800-53 is percei-
ved not merely as a compliance checklist for federal systems, but
as a flexible, modular toolkit for securing modern web applications.
By operationalizing underutilized controls, we can achieve stronger,
privacy-conscious, and more resilient web platforms.
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RETAIL SALES FORECASTING USING ARIMA
AND LSTM MODELS
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Forecasting retail sales is crucial for effective inventory and supp-
ly chain management. In this study, we compare traditional and
machine learning-based approaches on the M5 dataset, which con-
tains daily sales of over 30,000 Walmart store-item pairs. Three
forecasting strategies are evaluated: (1) a baseline ARIMA model
incorporating autoregressive and moving average components, (2) a
trend-seasonality decomposed ARIMA model, and (3) a Long Short-
Term Memory (LSTM) neural network using recursive multi-step
forecasting.

Forecast accuracy was assessed using Mean Absolute Error (MAE).
The decomposed ARIMA model achieved the best performance wi-
th a test MAE of 21.83 units, outperforming both the plain ARIMA
(26.86) and LSTM (92.20). Residual analysis confirmed that seasonal
decomposition significantly reduced autocorrelation and improved
error distribution. While LSTM models are theoretically well-suited
for complex patterns, their effectiveness was limited by recursive
error accumulation and architectural constraints.

These findings support the use of seasonally-enhanced ARIMA
models in retail scenarios characterized by strong weekly patterns.
Although neural networks offer future potential, classical models
remain robust and interpretable. Future work will explore hybrid
and sequence-to-sequence models for hierarchical and long-horizon
forecasting.
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